
2�©��ª�������o·ú��¦o�7£§

ô�Ç²DG�&³

ô�Ç²DGõ��<Æl�Õüt"é¶��������íß��<Æõ�

Abstract- This paper proposes a novel evolutionary algorithm, called a two-phase quantum-inspired

evolutionary algorithm (TPQEA), which can improve the performance of QEA (quantum-inspired evo-

lutionary algorithm). From recent research on combinatorial optimization, the results of QEA with

population size 1 were better than those of CGA(conventional GA) with population size 100. More

specifically, the convergence speed of QEA was 70 times faster than that of CGA. Although the perfor-

mance of QEA is excellent, this paper shows that its performance can be higher. Through the analysis

of changing the initial Q-bit value and the introduction of a new termination criterion and aHε gate, a

two-phase QEA (TPQEA) is proposed. To demonstrate the effectiveness and applicability of TPQEA,

several experiments are carried out on combinatorial and numerical optimizations. The results show that

TPQEA outperforms QEA in convergence speed, robustness and the power of a global/local search.

I."f�:r

����o ·ú��¦o�7£§(evolutionary algorithms)�Ér l��:r&h�Ü¼�Ð SX�Ò�¦&h� ���Ò�o�̀¦ l�ìøÍÜ¼�Ð 
���H þj&h��o

l�ZO�s���.:£¤y�,�����_�ÒqtÓüt�<Æ&h�����o"é¶o�\�l�ìøÍ�̀¦¿º�¦e��Ü¼ 9,þj&h��oë�H]j\�@/K�:£¤&ñ
Êë

o�Û¼hË:s�\O�s��̧&h�6 xs���0px
�����H#3�6 x$í
�̀¦���©�	�H�©�&h�Ü¼�Ð°ú���H��.s�ü<°ú �Ér����o·ú��¦o�

7£§�Ér s��:r&h� C��â
s� ÂÒ7á¤
�����H ��z�́\��̧ Ô�¦½̈
��¦,z�́+«>&h� ���õ�[þt�Ér l�@/ s��©��̀¦ �Ð#�ÅÒ�¦ e��

Ü¼ 9,z�́]j�Ð ú́§�Érì�r��\�"fþj&h��o �̧½̈�Ð��6 x÷&#Qt��¦e����.:£¤y�,Ãºd��&h����íß�~½ÓZO�Ü¼�Ð��Hþj

&h�K�\�¦¹1Ôl�#Q�9î�rë�H]j[þt\�ÅÒ�Ð&h�6 x÷&�¦e����. ú́§�Ér��|ÃÐ[þts�þj&h��o �̧½̈�Ð��6 x
��¦e����H

����o·ú��¦o�7£§Ü¼�Ð��Hß¼>�Ä»�����·ú��¦o�7£§(GA: genetic algorithm)[1, 2, 3],����oáÔ�ÐÕªA�bç
(EP:

evolutionary programming)[4],����o���|ÄÌ(ES: evolution strategies)[5, 6]1pxs�e����.K�_�³ð�&³ZO�s���
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����o���íß���1px\�e��#Q"f���çß�_�	�s���He��t�ëß�,[j��t�·ú��¦o�7£§_�l��:r"é¶o�ü<>h¥Æ�1px�ÉrB�Äº

Ä»��
���.

����o ·ú��¦o�7£§_� �ÃÐÒ�o\� e��#Q"f ���©� ×�æ¹כô�Ç ¹�èכ ×�æ_� 
�����H ���%i� �ÃÐÒ�o(exploration)õ� t�

%i��ÃÐÒ�o(exploitation)_�ç�H+þAs���.���%i��ÃÐÒ�oëß��̀¦Ãº'��½+É�â
Äº\���HÁº���0A���Ò�oõ�°ú �Ér���õ�\�¦��

��?/ 9,t�%i� �ÃÐÒ�oëß��̀¦ Ãº'��½+É �â
Äº\���H ²DGÂÒ þj&h� K�\�¦ ¹1Ô��H ���õ�\�¦ �íA�
�>� �)a��.����o ·ú��¦

o�7£§_� ½̈�&³ 8£¤���\�"f �Ð���,>h�̂ |9�éß�_� ���ª�$í
õ� ��6£§ [j@/_� Z�}�Ér ���×þ� y©��̧�� y��y�� ���%i� �ÃÐ

Ò�oõ�t�%i��ÃÐÒ�o\�K�{©��)a��.���×þ�y©��̧_�7£x����H>h�̂|9�éß�_����ª�$í
�̀¦y���èr�v��¦,���×þ�y©��̧_�

y���è��HìøÍ@/�Ð>h�̂|9�éß�_����ª�$í
�̀¦7£x��r������[7]. ����"f���Ò�o�íl�\���H>h�̂|9�éß�_����ª�$í


�̀¦y©��̧
��¦,���Ò�os����'��|̈cÃº2�¤&h�	��Ð���×þ�y©��̧\�¦Z�}#�t�%i��ÃÐÒ�o�̀¦y©��̧K���ô�Ç��.
�t�ëß�s�

ü< °ú �Ér ���×þ� y©��̧_� �̧]X��Ér ����o ·ú��¦o�7£§_� ��6 x��\�>� ���©� 	�H #Q�9¹¡§Ü¼�Ð z��>� �)a��. s�ü<

°ú �Érë�H]j&h��̀¦K����
�l�0AK�Dh�Ðî�r����o·ú��¦o�7£§����ª�������o·ú��¦o�7£§(s�
� QEA: quantum-

inspired evolutionary algorithm)s�þj��H\�]jîß�÷&%3���[8]. QEA��H·ú��¦o�7£§_� ½̈�̧&h�:£¤$í
�©����%i�

�ÃÐÒ�oõ�t�%i��ÃÐÒ�o_�ç�H+þAs�6 xs�
�>�s�ÀÒ#Q�����. QEA��H����o���íß�õ�Ä»��$í
�̀¦�Ðs���H�ª������

íß�(quantum computing)_�>h¥Æ��̀¦ �̧{9��<ÊÜ¼�Ð+�l��>r_�����o·ú��¦o�7£§�Ð��ÄºÃºô�Ç$í
0px�̀¦�Ð{9�Ãº

e����H·ú��¦o�7£§Ü¼�Ð]jîß�÷&%3���. QEA��H�ª���q�àÔ,�©�I�_�×�æô?1pxõ�°ú �Ér�ª������íß�_�l��:r"é¶o�

\�¦s�6 xô�Ç��. QEA��H�ª���_�SX�Ò�¦&h�³ð�&³ZO��̀¦s�6 x�<ÊÜ¼�Ð+�>h�̂[þt_�?/§4��̀¦ �̧¿º$��©�½+ÉÃºe��

Ü¼ 9,�íl����%i��ÃÐÒ�o\�"fþj&h�K��ÐÃº§4��<Ê\�����&h�	��Ðt�%i��ÃÐÒ�o�̀¦Ãº'��
���Hl�0px�̀¦°ú��¦e��

��. ¢̧ô�Ç·ú��¦o�7£§_�7áx«Ñ �̧|	��̀¦���&ñ
½+ÉÃºe����H"î
SX�ô�Çt�³ð°ú̀�כ¦[O�&ñ
½+ÉÃºe���¦, ú́§�Ér>h�̂\�¦

1lxr�\�³ð�&³½+ÉÃºe����H:£¤fç
\�_�K�&h��Ér>h�̂ëß��̀¦s�6 x
�#�ÄºÃºô�ÇK�\�¦Âúª�Érr�çß�?/\�%3��̀¦Ãº

e������H�©�&h��̀¦°ú���H��.

�ª������íß�s�êøÍ�ª���(��ÉÓ'�ü<�ª���·ú��¦o�7£§�̀¦�í�<Ê
���H���½̈ì�r��s���.�ª���(��ÉÓ'���H 80̧��

@/ �í\� l��:r >h¥Æ�s� ]jîß�÷&%3��¦[9, 10],�&³F� �ª��� (��ÉÓ'��Ð #���t���H ½̈�̧_� ½̈�̂&h���� 'õA�����

�Ér 80̧��@/ÊêìøÍ\�]jr�÷&%3���[11, 12].�ª������íß�\�@/ô�Ç���½̈��H 90̧��@/�íìøÍÂÒ'�µ1Ï³ð÷&l�r����

ô�Ç �ª��� ·ú��¦o�7£§\� _�K� �'ad��õ� t�"é¶s� 7£x;�¤÷&%3���.�&³F���t� ú̧� ·ú��9��� �ª��� ·ú��¦o�7£§Ü¼�Ð��H

Deutsch-Jozsa·ú��¦o�7£§[13], Simon·ú��¦o�7£§[14], Shor_��è���Ãºì�rK�·ú��¦o�7£§[15, 16], Grover_�

X<s�'�Z�s�Û¼���Ò�o·ú��¦o�7£§[17, 18]1pxs�e����.:£¤y�,�ª������íß��Ér Shor_��è���Ãºì�rK�·ú��¦o�7£§

_�1px�©�Ü¼�Ð�&³F�V,�o���6 x÷&�¦e����H��� ñ �̂>���Ô�æõ�|̈cÃºe������H��z�́s�·ú��9t����"f������²DG
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[þt_�;�¤µ1Ï&h��'ad���̀¦~ÃÎ>�÷&%3���.s�ü<°ú s��ª������íß�_�ÄºÃºô�Ç$í
0pxs�{9�7£x÷&���"f���Érì�r��\�

"f�̧ �ª��� ���íß�_� >h¥Æ��̀¦ �̧{9�
��9��H ¹¡§f��e��s� r����÷&%3��¦,����o ���íß� ì�r��\�"f�̧ �ª��� ���íß�õ�

_�]X�3lq�)a���½̈��r����÷&%3���.

����o���íß�õ��ª������íß�_�]X�3lq�)a���½̈��Hß¼>�¿º��t�ì�r���Ð��*'#Q�����.'Í	���P:��HÄ»�����

áÔ�ÐÕªA�bç
(genetic programming)õ�°ú �Ér��1lxáÔ�ÐÕªA�bç
l�ZO��̀¦s�6 x
�#�Dh�Ðî�r�ª���·ú��¦o�

7£§�̀¦>hµ1Ï
���H���½̈ì�r��s��¦[19, 20, 21],¿º���P:��H�ª������íß�>h¥Æ��̀¦ �̧{9�
�#�Dh�Ðî�r����o·ú�

�¦o�7£§�̀¦>hµ1Ï
���H���½̈ì�r��s���[22, 23, 24, 8]. QEA��HÊê��_����½̈ì�r��\�5Åq
�>��)a��.

����o·ú��¦o�7£§\��ª������íß�>h¥Æ��̀¦&h�6 xô�Ç���½̈��H���Ér���½̈ì�r��ü<��H��ØÔ>���_�r����éß�

>�\�e�����¦ �̂¦Ãºe����.s����½̈ì�r��_�r��í��H “quantum-inspired computing”s�����Hs�2£§Ü¼�Ðq�

Óüto��<Æ��[þt\�>� �ª��� ���íß�s� �è>h÷&���"fÂÒ'����¦ �̂¦ Ãº e����[25]. �ª��� ���íß�s� �è>h�)a s�Êê %�

6£§Ü¼�Ð �ª��� >h¥Æ��̀¦ �̧{9�ô�Ç Ä»����� ·ú��¦o�7£§s� µ1Ï³ð÷&%3���[22]. 
�t�ëß�,Ä»����� ·ú��¦o�7£§_� �§

C�(crossover)���íß���\� �ª���_� çß�[O� >h¥Æ��̀¦ &h�6 xô�Ç q��§&h� çß�éß�ô�Ç ·ú��¦o�7£§s�%3���.Õª Êê, ����o

·ú��¦o�7£§\��ª������íß�_����©�×�æ¹כô�Ç¹כ�è×�æ_�
�������©�I�_�×�æô?(superposition)>h¥Æ�s�&h�6 x�)a

���½̈��%�6£§Ü¼�Ðµ1Ï³ð÷&%3��¦[23],×�æô?�)a>h�̂��H#î
§>=����o·ú��¦o�7£§ ½̈�̧\�¦ ò́Ö�¦&h�Ü¼�Ð�Ö̧6 x½+É

Ãºe������H���½̈���õ���µ1Ï³ð÷&%3���[24]. s�ü<°ú �Ér���½̈���õ�[23, 24]\�¦���½ÓÜ¼�Ðl��>r_�����o·ú�

�¦o�7£§�Ð��ÄºÃºô�Ç$í
0px�̀¦�Ðs���H QEA��µ1Ï³ð÷&%3���[8]. �̧½+Ëþj&h��o_�@/³ð&h����ë�H]j���ÅÒ Q

m�ë�H]j(kanpsack problem)_��â
Äº, 100>h_�>h�̂\�¦��6 xô�ÇÄ»�����·ú��¦o�7£§_����õ��Ð�� 1>h_�>h

�̂\�¦s�6 xô�Ç QEA_����õ����8ÄºÃºÙþ¡�¦,s�M:���íß�r�çß��Ér QEA��@/|ÄÌÄ»�����·ú��¦o�7£§_� 70ì�r

_� 1&ñ
�̧µ1Ú\��è¹כ÷&t�·ú§��¤��[8]. :£¤y�,z�́]j6£x6 xë�H]j���#��Q>h_�n�Û¼ß¼\�X<s�'�\�¦ ò́Ö�¦&h�

Ü¼�Ð$��©�
���Hn�Û¼ß¼½+É{©�ë�H]j\�QEA��&h�6 x�)a���½̈�����'��÷&%3���[26].s����½̈\�"f��H�&³�>r
�

��HÊëo�Û¼hË:·ú��¦o�7£§�Ð��Ä»�����·ú��¦o�7£§_����õ����8ÄºÃºÙþ¡�¦,Ä»�����·ú��¦o�7£§_����õ��Ð��

��HQEA_����õ���ÄºÃºÙþ¡����H&h��̀¦�Ðs��¦e����. ¢̧ô�Ç, QEA���8a%~�ÉrK�\�¦¹1Ô��ÅÒ%3�6£§\��̧Ô�¦½̈


��¦,Ãº§4�5Åq�̧���\�"f��HÄ»�����·ú��¦o�7£§�Ð�� 3C�\�"fþj@/ 11C���t���ØÔ����H���õ�\�¦�Ð#�ÅÒ

%3���.

�:r�7Hë�H\�"f��Hl��>r_�����o·ú��¦o�7£§\�q�K�þj��HÄºÃºô�Ç$í
0px�̀¦�Ðs��¦e����HQEA·ú��¦o�7£§

_�$í
0px�̀¦�Ð���8�¾Ó�©�r�~�́Ãºe����H “2�©��ª�������o·ú��¦o�7£§”(s�
� TPQEA: two-phase quantum-

inspired evolutionary algorithm)̀�¦]jîß�
��¦��ô�Ç��.ÕªaË> 1�Ér TPQEAü< QEA���ª������íß�>h¥Æ��̀¦
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ÕªaË> 1: TPQEAü< QEA_�>h¥Æ��̧.

�̧{9�ô�ÇDh�Ðî�r����o·ú��¦o�7£§e���̀¦�����·p��.

�:r�7Hë�H_� ½̈$í
�Ér��6£§õ�°ú ��. II�©�\�"f��H�ª�������o·ú��¦o�7£§(QEA)\�@/K�[O�"î

��¦,$í
0px

�̀¦���7£xô�Ç��. III�©�\�"f��H�:r�7Hë�H\�"f]jîß�
��¦��
���H 2�©��ª�������o·ú��¦o�7£§(TPQEA)\�@/K�

[O�"î

��¦,Õª:£¤$í
�̀¦ì�r$3�ô�Ç��. IV�©�\�"f��H �̧½+Ëþj&h��oü<Ãºu�þj&h��oë�H]j\�@/ô�Çz�́+«>�̀¦Ãº'��


��¦���õ�\�¦ì�r$3�ô�Ç��.��t�}��Ü¼�Ð V�©�\�"f����:r�̀¦ë�B��H��.

II. �ª�������o·ú��¦o�7£§ (QEA: quantum-inspired evolutionary algorithm)

�:r�©�\�"f��H TPQEA·ú��¦o�7£§�̀¦]jîß�
�l�\�·ú¡"f, �̧½+Ëþj&h��oë�H]j\�¦0AK�]jîß��)a QEA·ú�

�¦o�7£§[8]�̀¦ �̂>�&h�Ü¼�Ð&ñ
o�
��¦,$í
0px�̀¦���7£xô�Ç��. QEA��HDh�Ðî�rQ-q�àÔ(Q-bit)³ð�&³ZO�õ�Q->�

s�àÔ(Q-gate)���íß���,Õªo��¦�'a8£¤õ�&ñ
1pxÜ¼�Ð[O�>��)a��.

1.³ð�&³ZO� (Representation)

����o·ú��¦o�7£§\�"fK�\�¦�ïç̀

�l�0Aô�Ç³ð�&³ZO�Ü¼�Ð��H#��Q��t�~½ÓZO�s�e����.l��>r_�³ð�&³ZO�

�Érß¼>�s����(binary)³ð�&³ZO�,Õüw��(numeric)³ð�&³ZO�,l� ñ(symbolic)³ð�&³ZO�Ü¼�Ð��¾º#QÒqty��½+ÉÃº

e����[27]. QEA��H Dh�Ðî�r ³ð�&³ZO���� Q-q�àÔ ³ð�&³ZO��̀¦ &ñ
_�
�#� ��6 xô�Ç��. Q-q�àÔ��H SX�Ò�¦&h���� ³ð

�&³ZO�Ü¼�Ð�ª������íß�_�Ç©c±	(qubit)>h¥Æ�\�l�ìøÍ�̀¦¿º�¦e����.

Q-q�àÔ��H QEA\�"f&ñ
�Ð\�¦³ð�&³
���Hþj�èéß�0A�Ð"f¿º4�¤�èÃº (α, β)�Ð&ñ
_�
� 9,��6£§õ�°ú 
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s�³ð�&³ô�Ç��:

[
α
β

]
.

s�M: |α|2+|β|2 = 1_� �̧|	��̀¦�½Ó�©�ëß�7á¤
� 9, |α|2�ÉrQ-q�àÔ�� 0_��©�I�{9�SX�Ò�¦�̀¦����?/�¦, |β|2�Ér

Q-q�àÔ�� 1_��©�I�{9�SX�Ò�¦�̀¦�����·p��. Q-q�àÔ��H (α, β)°úכ\����� 1_��©�I��� 0_��©�I� ¢̧��H 1õ�

0_�×�æô?�)a�©�I�\�¦³ð�&³½+ÉÃºe����.�ÃÐ�¦�Ð, Q-q�àÔ��H4�¤�èÃº�Ð&ñ
_�÷&#Qe��Ü¼��,�&³F���t�µ1Ï³ð

�)a���½̈\�"f��Hz�́Ãºëß��̀¦��6 x
��¦e����.

Q-q�àÔ m>h�����5Åq÷&#Qëß�[þt#Q���>h�̂\�¦ Q-q�àÔ>h�̂(Q-bit individual)�Ð&ñ
_�
� 9,��6£§õ�

°ú s�³ð�&³�)a��:

[
α1

β1

∣∣∣∣
α2

β2

∣∣∣∣
· · ·
· · ·

∣∣∣∣
αm

βm

]
. (1)

s�M: |αi|2 + |βi|2 = 1, i = 1, 2, · · · ,m, �̧|	��̀¦ëß�7á¤ô�Ç��.

Q-q�àÔ³ð�&³ZO��Ér#��Q�©�I�_�×�æô?�̀¦³ð�&³½+ÉÃºe����H�©�&h��̀¦°ú���H��.\V\�¦[þt#Q,��6£§õ�°ú �Ér

3-Q-q�àÔr�Û¼%7�s�e�����¦��&ñ

���:

[
1√
2

1√
2

∣∣∣∣∣
1√
2−1√
2

∣∣∣∣∣
1
2√
3

2

]
. (2)

s�r�Û¼%7�_��©�I���H��6£§õ�°ú s�³ð�&³½+ÉÃºe����:

1
4
|000〉+

√
3

4
|001〉 − 1

4
|010〉 −

√
3

4
|011〉

+
1
4
|100〉+

√
3

4
|101〉 − 1

4
|110〉 −

√
3

4
|111〉.

0A_����õ���H 8��t�_��©�I� |000〉, |001〉, |010〉, |011〉, |100〉, |101〉, |110〉, |111〉��y��y�� 1
16 , 3

16 , 1
16 , 3

16 ,

1
16 , 3

16 , 1
16 , 3

16_�SX�Ò�¦�Ð×�æô?�)a�©�I�\�¦�����·p��.7£¤, (2)ü<°ú �Ér 3-Q-q�àÔr�Û¼%7��Ér1lxr�\� 8��t�

_��©�I�\�¦����è­qÃºe������H�.���p�ô�Ç_¦̀�	כ

Q-q�àÔ³ð�&³ZO��̀¦°ú���H����o·ú��¦o�7£§�Ér0Aü<°ú s�#��Q�©�I�_�×�æô?�̀¦³ð�&³½+ÉÃºe��l�M:ë�H

\�l��>r_�]X���H~½ÓZO��Ð���8a%~�Ér���ª�$í
(diversity)̀�¦]j/BN½+ÉÃºe����. Q-q�àÔ³ð�&³ZO�\�"f��H (2)ü<

°ú �Éréß�
���_�>h�̂�� 8��t��©�I�\�¦³ð�&³
�l�\�Ø�æì�r
�t�ëß�,l��>r_�³ð�&³ZO�\�"f��H&h�#Q�̧ 8��

t�_�>h�̂ (000), (001), (010), (011), (100), (101), (110), 
¹�Ðכ��9¦�\(111)�>��)a��. ¢̧ô�ÇQ-q�àÔ³ð

�&³ZO��Ér³ð�&³ZO����̂\�"fa%~�ÉrÃº§4�$í
(convergence)̀�¦�Ðs�>��)a��. |αi|2 ¢̧��H |βi|2_�°úכs� 1 ¢̧��H
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ÕªaË> 2: QEA\�"f_����Ãº[þtçß�_��'a>�.

0Ü¼�Ð&h���H�<Ê\����� Q-q�àÔ>h�̂��H
���_��©�I��ÐÃº§4�K���>�÷& 9,&h�	��Ð���ª�$í
(diversity)�Ér

����t�>��)a��.7£¤, Q-q�àÔ³ð�&³ZO��Ér����o·ú��¦o�7£§\�"f_��ÃÐ��(exploration)ü<>h'��(exploitation)

¿º��t�:£¤$í
_�ç�H+þA�̀¦�����Û¼XO�>�s�Ò�¦Ãºe����.

2. QEA·ú��¦o�7£§_�l��:r ½̈�̧

QEA��H l��>r_� ����o ·ú��¦o�7£§õ� Ä»��ô�Ç SX�Ò�¦ l�ìøÍ_� þj&h��o ·ú��¦o�7£§s���.
�t�ëß�, QEA\�

"f��6 x÷&��H���Ãº[þt�̀¦�Ð���l��>r_�����o·ú��¦o�7£§õ���H	�H	�s���e��6£§�̀¦SX����½+ÉÃºe����. QEA\�

"fK�\�¦³ð�&³
�l�0Aô�Ç>h�̂ç�H�Ér Q-q�àÔ>h�̂[þt_�|9�½+ËÜ¼�Ð³ð�&³
� 9,��6£§õ�°ú s�³ðl�ô�Ç��:

Q(t) = {qt
1,q

t
2, · · · ,qt

n}. (3)

s�M: t��H�&³F�[j@/(generation),n�Ér8úx>h�̂Ãº(population size)\�¦�����·p��. ¢̧ô�Ç qt
j��H
���_�Q-q�

àÔ>h�̂\�¦_�p�
��¦,��6£§õ�°ú s�³ð�&³|̈cÃºe����:

qt
j =

[
αt

j1

βt
j1

∣∣∣∣
αt

j2

βt
j2

∣∣∣∣
· · ·
· · ·

∣∣∣∣
αt

jm

βt
jm

]
. (4)

s�M: m�Ér Q-q�àÔ>h�̂\�¦s�ÀÒ��H Q-q�àÔ_�>hÃºs��¦, j = 1, 2, · · · , ns���. Q-q�àÔ>h�̂��HSX�Ò�¦&h�

³ð�&³ZO�Ü¼�Ð"fl��>r_�����o·ú��¦o�7£§_����&ñ
&h����(deterministic)³ð�&³ZO�õ���H	�H	�s���e����.s���H

K�(solution)ü<>h�̂çß�\�{9�@/{9�@/6£xs�÷&#Q��ô�Ç����H�¦&ñ
�'a¥Æ�\�"f#Á	#Q��,K�ü<>h�̂_�ì�ro�\�¦

s�ê�r�.���s	כ Q-q�àÔ>h�̂��H[j@/��t�z��\�����K�(solution)_�?/§4�&ñ
�Ð\�¦�í�<Ê
�>��)a��.
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Procedure QEA
begin

t ← 0
i) Q(t)�íl��o
ii) Q(t)�©�I��'a8£¤\�_�ô�Ç P (t)Òqt$í

iii) P (t) î̈
��
iv) P (t)×�æþj&h�K�\�¦ B(t)\�$��©�
v) while (not7áx«Ñ �̧|	�) do

begin
t ← t + 1

vi) Q(t− 1)�©�I��'a8£¤\�_�ô�Ç P (t)Òqt$í

vii) P (t) î̈
��
viii) Q(t)Ìqt��� (Q->�s�àÔ���íß���s�6 x)
ix) B(t− 1)õ� P (t)×�æ>h�̂Z>�þj&h�K�\�¦ B(t)\�$��©�
x) B(t)×�æþj&h�K�\�¦ b\�$��©�
xi) if (���%i�s�ÅÒ �̧|	�)

thenþj�©�0Aþj&h�K� b\�¦ �̧��H>h�̂Z>�þj&h�K�|9�½+Ë B(t)�Ðs�ÅÒ (���%i�s�ÅÒ)
xii) else if(t�%i�s�ÅÒ �̧|	�)

thent�%i�ÕªÒ�̈?/\�"f_�>h�̂Z>�þj&h�K�çß�_�s�ÅÒ (t�%i�s�ÅÒ)
end

end

ÕªaË> 3: QEA·ú��¦o�7£§.

ÕªaË> 2��H QEA\�"f��6 x÷&��H �̧��H���Ãº[þtçß�_��'a>�\�¦�����·p��. Q-q�àÔ>h�̂ Q(t)��HSX�Ò�¦&h�

Ü¼�Ð�©�I�\�¦³ð�&³
�l�M:ë�H\�>h�̂\�¦f��]X� î̈
��
���H�
s�Ô�¦��0px	כ���.>h�̂_� î̈
��\�¦0AK� Q-q�

àÔ>h�̂ qt
j\�¦�'a8£¤
�#�s����(binary)>h�̂ xt

j\�¦%3��¦,�'a8£¤�)as����>h�̂\�¦ î̈
���<ÊÜ¼�Ð+�Q-q�àÔ>h

�̂_� î̈
��\�¦ @/���ô�Ç��.s�M: 1�r s��©�_� �'a8£¤�̧ ��0px
���.s���� >h�̂[þt_� |9�½+Ë�Ér P (t)�Ð ³ð�&³
�

 9,y��>h�̂Z>�þj&h�K�_�|9�½+Ë�̀¦ B(t)�Ð³ð�&³ô�Ç��. ¢̧ô�Ç>h�̂Z>�þj&h�K�_�|9�½+Ë×�æ\�"f���©�þj&h�

_�K�\�¦ b�Ð³ðl�ô�Ç��.

QEA·ú��¦o�7£§_�l��:r ½̈�̧��HÕªaË> 3_�Ãº�̧�ï×¼�Ð³ð�&³÷&�¦,s�M:QEA·ú��¦o�7£§\�@/ô�Ç[O�

"î
�Ér��6£§õ�°ú ��.

i) ‘ Q(t)�íl��o’ õ�&ñ
\�"f��H �̧��H Q-q�àÔ>h�̂ q0
j_�y�� Q-q�àÔ°úכ (α0

i , β
0
i )�̀¦ �̧¿º ( 1√

2
, 1√

2
)�Ð

[O�&ñ
ô�Ç��.s���Éry��Q-q�àÔ>h�̂	כ q0
j�� �̧��H��0pxô�ÇK�\�¦°ú �ÉrSX�Ò�¦�Ð���+þA×�æô?�)a�©�I��Ð�í�<Êô�Ç

����H�.���p�ô�Ç_¦̀�	כ

ii) s�õ�&ñ
\�"f��HSX�Ò�¦&h�����©�I�\�¦°ú���Hy�� Q-q�àÔ>h�̂\�¦�'a8£¤�<ÊÜ¼�Ð+�s����(binary)>h�̂\�¦
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%3���H��.s�������ÉrSX�Ò�¦&h	כ Q-q�àÔ>h�̂\�¦f��]X� î̈
��
���H�
s�Ô�¦��0px	כ�l�M:ë�H\�,�'a8£¤�)as����>h

�̂�Ð@/��� î̈
��
�l�0A�<Ês���.�'a8£¤õ�&ñ
�Éry��q�àÔZ>��Ðs�ÀÒ#Qt� 9, 0õ� 1��s�_�èß�Ãº\�¦µ1ÏÒqtr�

&� |βi|2õ�q��§
�#�K�{©�q�àÔ�� 0 ¢̧��H 1���t�\�¦���&ñ

�>��)a��.

iii) ‘ P (t) î̈
��’\�"f��H�'a8£¤�)ay��s����K�(solution)[þts�&h�½+Ë�̧�<ÊÃº\�¦:�xK� î̈
���)a��.

iv) �íl�_�>h�̂Z>�þj&h�K�|9�½+Ë B(0)\���H>h�̂Z>��Ð���©�ÄºÃºô�Çs����K���$��©��)a��.

v)7áx«Ñ �̧|	��̀¦ëß�7á¤½+ÉM:��t� whileÀÒáÔ\�¦ìøÍ4�¤
�>��)a��.s�M: QEA_�7áx«Ñ �̧|	��Ér��6£§õ�

°ú s�þj&h�K� b_� î̈
ç�HSX�Ò�¦�Ð&ñ
_�|̈cÃºe����:

Prob(b) =
1
n

n∑

j=1

(
m∏

i=1

pji

)
. (5)

s�M:

pji =
{ |αji|2, if bi = 0
|βji|2, if bi = 1

s��¦,þj&h�K� b = [b1 b2 · · · bm]T , (αji, βji)��HÃºd�� (4)ü<°ú s� j���P: Q-q�àÔ>h�̂_� i���P: Q-q�àÔ

\�¦�����·p��.7£¤,þj&h�K�_� î̈
ç�HSX�Ò�¦�̀¦s�6 xô�Ç7áx«Ñ �̧|	��Ér��6£§õ�°ú s�����è­qÃºe����:

Prob(b) > γ. (6)

s�M: γ��H �̧|	� 0 < γ < 1�̀¦ëß�7á¤ô�Ç��.

vi, vii) Q(t− 1)_�y�� Q-q�àÔ>h�̂ qt−1
j _��©�I�\�¦�'a8£¤
�#�s����K�|9�½+Ë P (t)\�¦%3��¦,y��s����

K� xt
j\�¦ î̈
��ô�Ç��.s�M: Q-q�àÔ>h�̂ qt−1

j \�¦ 1�rs��©��'a8£¤½+ÉÃºe��Ü¼ 9,ëß���� Nob�r�'a8£¤
�%i��̀¦

�â
Äº\���H�'a8£¤�)as����K�_�³ðl�\�¦ xt
jl, l = 1, 2, · · · , Nob,�Ð��Ë̈#Q��ô�Ç��.

viii) ‘ Q(t) Ìqt���’õ�&ñ
\�"f��H QEA_� ���8̈� ���íß������ Q->�s�àÔ(Q-gate)\�¦ s�6 x
�#� Q-q�àÔ >h

�̂���Ð��a%~�ÉrK�_�~½Ó�¾ÓÜ¼�ÐÃº§4�K������̧2�¤y�� Q-q�àÔ[þt�̀¦���8̈�r������. QEA_�l��:r Q->�s�

àÔ�Ð��H�r���(rotation)>�s�àÔ\�¦��6 x
�t�ëß�, NOT, Hadamard, Controlled-NOT>�s�àÔ1px�̧ s�6 xs�

��0px
���.l��:r Q->�s�àÔ����r���>�s�àÔ��H��6£§õ�°ú ��:

U(∆θi) =
[

cos(∆θi) − sin(∆θi)
sin(∆θi) cos(∆θi)

]
. (7)

s�M:∆θi, i = 1, 2, · · · ,m,��HÂÒ ñ\�����y��Q-q�àÔ\�¦ 0 ¢̧��H 1_��©�I��Ðs�1lxr�v���H�r���y���̀¦��

���·p��. ∆θi��Hë�H]j\��������&ñ
÷&��H��6 x��[O�&ñ
���Ãºs��¦,y��q�àÔZ>��Ð>h�̂Z>�þj&h�K� bt
j_� i���
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ÕªaË> 4:l��:r Q->�s�àÔ: �r���>�s�àÔ(Rotation gate).

P:q�àÔ biü<s����K� xt
j_� i���P:q�àÔ xi,Õªo��¦ bt

jü< xt
j_�&h�½+Ë�̧ ß¼l�\����� ∆θi_�ÂÒ ñ�����

&ñ
�)a��. ¢̧ô�Ç�r���y��_�ß¼l� |∆θi|��H Q-q�àÔ>h�̂_�Ãº§4�5Åq�̧\�¦���&ñ

�>��)a��.
�t�ëß�,�-Áº	�H

°ú̀�כ¦[O�&ñ
½+É�â
Äº\���Hµ1Ïíß� ¢̧��H �̧l�Ãº§4�(premature convergence)̀�¦�Ð{9�Ãºe����.&h�½+Ë�̧�<ÊÃº��

f(·){9��â
Äº,l��:r&h�Ü¼�Ð ∆θi��H f(xj) ≤ f(bj)_� �̧|	��̀¦ëß�7á¤½+É�â
Äº\�ëß� (xi = 0, bi = 1{9��â
Äº)

�ª�Ãº p ¢̧��H (xi = 1, bi = 0{9��â
Äº)6£§Ãº n�̀¦½+É{©�ô�Ç��.�� Qt��â
Äº\���H �̧¿º 0Ü¼�Ð[O�&ñ
ô�Ç��.

ix, x)s����[j@/_�>h�̂Z>�þj&h�K� bt−1
j ü<s����[j@/_�s����K� xt

j ×�æ\�"fa%~�ÉrK�\�¦s����[j@/

_�>h�̂Z>�þj&h�K� bt
j�Ð$��©�ô�Ç��.Õªo��¦s����[j@/_�>h�̂Z>�þj&h�K�|9�½+Ë B(t)×�æ\�"f���©�þj

&h�_�K�\�¦þj�©�0Aþj&h�K� b\�$��©�ô�Ç��.

xi) ���%i�s�ÅÒ(global migration)�̧|	��̀¦ëß�7á¤½+É�â
Äº,þj�©�0Aþj&h�K� b\�¦ �̧��H>h�̂Z>�þj&h�K�

B(t)�Ð4�¤��ô�Ç��.s�M:s�ÅÒ(migration)��H
���_�s����>h�̂�����Ér0Au��Ð4�¤��÷&��Hõ�&ñ
Ü¼�Ð&ñ


_��)a��.���%i� s�ÅÒ��H [j@/_� ����o\� ���� ÅÒl�&h�Ü¼�Ð [O�&ñ
ô�Ç��.\V\�¦ [þt#Q ���%i� s�ÅÒ ÅÒl� Tg\�¦

100Ü¼�Ð[O�&ñ

�%i������, 100[j@/�������%i�s�ÅÒ��µ1ÏÒqt
�>��)a��.

xii) t�%i�s�ÅÒ(local migration)�̧|	��̀¦ëß�7á¤½+É�â
Äº,t�%i�ÕªÒ�̈?/\�"f_�>h�̂Z>�þj&h�K�çß�_�

s�ÅÒ�� s�ÀÒ#Q�����.t�%i� ÕªÒ�̈ ?/\�"f ���©� ÄºÃºô�Ç K��� ���Ér >h�̂Z>� þj&h� K� 0Au��Ð 4�¤���)a��.

t�%i�s�ÅÒÅÒl���H Tl�Ð³ðl�
��¦,ÅÒ�Ð 1�Ð[O�&ñ
ô�Ç��.s�M:t�%i�ÕªÒ�̈(local-group)�Ért�%i�s�ÅÒ\�

_�K��©� ñ%ò
�¾Ó�̀¦~ÃÎ��HÂÒì�r>h�̂ç�H(subpopulation)Ü¼�Ð&ñ
_�|̈cÃºe����.

3.ÅÒ Qm�ë�H]j(knapsack problem)\�¦:�xô�Ç QEA_�$í
0px���7£x
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(b)þj�©�s�1pq_�³ðï�r¼#�	�

ÕªaË> 5: 8úx >h�̂Ãº(population size)����o\� ���Ér QEAü< CGA_� z�́+«> ���õ� (î̈
ç�H ÅÒ Qm� 6 x|¾Ó�̀¦
°ú���H 500>h��s�%7�_�ÅÒ Qm�ë�H]j): QEA_����%i�s�ÅÒÅÒl� Tg = 100,t�%i�ÕªÒ�̈ß¼l���H8úx>h�̂Ãº
n\�����max(integer(n

5 ), 1)�Ð[O�&ñ

�%i���. CGA_�����Bj'���H [8]\�"fü<1lx{9�
�>�[O�&ñ

�%i���.
(a) 30���z�́+«>\�@/ô�Ç î̈
ç�Hþj�©�s�1pq, (b) 30���z�́+«>���õ�_�³ðï�r¼#�	�\�¦�����·p��.

QEA_� $í
0px�̀¦ ���7£x
�l� 0AK� î̈
ç�H ÅÒ Qm� 6 x|¾Ó(average knapsack capacity)�̀¦ °ú���H 500>h ��

s�%7�_�ÅÒ Qm�ë�H]j\�@/ô�Çz�́+«>�̀¦Ãº'��
�%i���.ÅÒ Qm�ë�H]j\�@/ô�Ç��[jô�Ç[O�"î
�ÉrÂÒ2�¤ A\�"f

��ê�r��.ÕªaË> 5��H���õ�_�q��§\�¦0AK�l��>r_�Ä»�����·ú��¦o�7£§(CGA: conventional GA)_�z�́+«>���

õ�\�¦ �<Êa� �̧r�
�%i���. CGA��H [8]\�"fü< °ú s� ���+þA �̀V,�w�(linear penalty)~½ÓZO�õ� Äº$í
 0AÅÒ �Ð

�©�(greedy repair)~½ÓZO��̀¦1lxr�\��¦�9
�%i���. (a)_����õ�\�"f�Ð���, 100>h�̂\�¦°ú���H CGA_����õ��Ð

�� 1>h�̂\�¦°ú���HQEA_����õ����8ÄºÃº�<Ê�̀¦SX����½+ÉÃºe����.s�M:Ãº§4�5Åq�̧\�¦8£¤&ñ
ô�Ç���õ�, QEA

�� CGA\�q�K���� 70C����8À1Ï|ÃÛ��. (b)_����õ�\�"f��H8úx>h�̂Ãº��7£x���<Ê\����� QEA_�³ðï�r

¼#�	���&h�	��Ð×�¦#Q[þt�¦e����H��Ér8úx>h�̂Ãº��7£x��½+ÉÃº2�¤	כ��SX����½+ÉÃºe����.s¦̀�	כ QEA1lx���_�

y©����$í
(robustness)s�7£x��ô�Ç����H��\����p�ô�Ç��.ìøÍ_¦̀�	כ CGA_����õ���H8úx>h�̂Ãº��7£x��
�#��̧

þj�©�K�_�³ðï�r¼#�	���×�¦#Q[þtt�·ú§��¤��.�:rz�́+«>���õ���H QEA�� CGA\�q�K�K�(solution)_��ÃÐÒ�o

0px§4�s���Ãº§4�5Åq�̧,Õªo��¦y©����$í
8£¤���\�"f �̧¿ºÄºÃº�<Ê�̀¦{9�7£xô�Ç��.

III. 2�©��ª�������o·ú��¦o�7£§ (TPQEA: two-phase QEA)

�:r�©�\�"f��H II�©�\�"fl�Õütô�ÇQEA·ú��¦o�7£§_�$í
0px�̀¦�Ð���8�¾Ó�©�r�~�́Ãºe����H·ú��¦o�7£§ ½̈

�̧\�¦]jîß�ô�Ç��: 1) QEA_�7áx«Ñ �̧|	��Ér II�©�_�Ãºd�� (6)Ü¼�Ð����è­qÃºe����[8]. s�ü<°ú s�&ñ
_��)a
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³ð I: 7áx«Ñ �̧|	� (6)_� γ°úכ����o\����Ér%ò
�¾Ó (500>h_���s�%7��̀¦°ú���HÅÒ Qm�ë�H]j\�@/ô�Çz�́+«>���
õ�):z�́+«>\���6 x�)a QEA_�>h�̂ç�Hß¼l�(population size)��H 12,���%i�s�ÅÒÅÒl� Tg = 100,t�%i�ÕªÒ�̈
ß¼l���H 3Ü¼�Ð[O�&ñ

�%i��¦,8úx 30���_�z�́+«>�̀¦Ãº'��
�%i���. b., m., w.��Hy��y�� best, mean, worst\�¦
_�p�
��¦, σü< t��Hy��y�� 30���z�́+«>���õ�_�³ðï�r¼#�	�ü<·ú��¦o�7£§_� î̈
ç�H7áx«Ñ[j@/Ãºs���.

γ of (6) 0.001 0.01 0.1 0.8 0.9

b. 3031.2 3036.2 3031.3 3031.3 3036.3
m. 3008.0 3014.3 3019.0 3018.0 3020.3

500 w. 2980.7 2991.1 3006.3 3006.3 3001.3
σ 12.571 9.798 6.548 6.993 7.895
t 905 1045 1240 1896 3071

7áx«Ñ �̧|	�_�ë�H]j&h��̀¦¶ú�(R�Ð�¦,Dh�Ðî�r7áx«Ñ �̧|	��̀¦]jîß�ô�Ç��; 2) QEA_� Q-q�àÔ>h�̂\�¦�íl��o


���Hõ�&ñ
�Ér �̧��H��0pxô�ÇK�\�¦°ú �ÉrSX�Ò�¦�Ð�í�<Êr�v�l�0AK�y�� Q-q�àÔ_�°ú̀�כ¦ ( 1√
2
, 1√

2
)�Ð[O�&ñ



�%i���.#�l�"f, Q-q�àÔ_��íl�°úכ_�����o�� QEA_�$í
0px\�	�H%ò
�¾Ó�̀¦p�}9�Ãºe��6£§�̀¦SX����
��¦,

TPQEA_���0px$í
�̀¦]jr�ô�Ç��; 3) ¢̧ô�Ç, Q-q�àÔ>h�̂��²DGÂÒþj&h�K�(local optima)�ÐÂÒ'� ò́Ö�¦&h�Ü¼

�Ð��4R���̀¦Ãºe���̧2�¤
���HDh�Ðî�r���íß������Hε>�s�àÔ\�¦]jîß�ô�Ç��; 4)��t�}��Ü¼�Ð, Q-q�àÔ�íl�

°úכ_�[O�&ñ
õ�Dh�Ðî�r7áx«Ñ �̧|	�x9�Hε>�s�àÔ1px�̀¦l�ìøÍÜ¼�Ð TPQEA\�¦]jîß�ô�Ç��.

1.7áx«Ñ �̧|	� (Termination criterion)

����o·ú��¦o�7£§\�"f_�7áx«Ñ �̧|	��Ér�©�{©�y�×�æ¹כô�Ç¹כ�è×�æ_�
���s���.����o·ú��¦o�7£§s�ÄºÃº


����¦
��8���̧"î
SX�ô�Ç7áx«Ñ �̧|	�s�ÅÒ#Qt�t�·ú§��H�����a%~�Ér���õ�\�¦%3�l�jËµ[þt��.l��>r����o·ú�

�¦o�7£§_� ��6 x��[þt�Ér @/ÂÒì�r 7áx«Ñ �̧|	�Ü¼�Ð þj@/ [j@/Ãº\�¦ s�6 xô�Ç��.s���Ér	כ l��>r_� ����o ·ú��¦

o�7£§\�e��#Q"f"î
SX�ô�Ç7áx«Ñ �̧|	��̀¦¹1Ô��H{9�s�~1�t�·ú§����H��\����p�ô�Ç��.ìøÍ_¦̀�	כ QEA_��â
Äº\�

��HSX�Ò�¦&h�>h�̂\�¦s�6 x
�l�M:ë�H\�, II�©�_�Ãºd�� (6)õ�°ú �Ér"î
SX�ô�Ç7áx«Ñ �̧|	�_�[O�&ñ
s���0px
���.

7£¤,þj�©�0Aþj&h�K� b_� Q-q�àÔ>h�̂Z>� î̈
ç�HSX�Ò�¦°úכs� γ�Ð��9þt�â
Äº·ú��¦o�7£§�̀¦7áx«Ñ
�>��)a��.

³ð I�Ér7áx«Ñ �̧|	� (6)_� γ°úכ����o\����Ér%ò
�¾Ó�̀¦¶ú�(R�Ðl�0Aô�Ç 500>h��s�%7��̀¦°ú���HÅÒ Qm�

ë�H]j(knapsack problem)_� z�́+«> ���õ�s���.s�M: ÅÒ Qm�_� 6 x|¾Ó ]jô�Ç�Ér î̈
ç�H ÅÒ Qm� 6 x|¾Ó(average

knapsack capacity)]jô�Ç�̀¦��6 x
�%i���. γ°ú̀�כ¦ 0.001, 0.01, 0.1, 0.8, 0.9�Ð[O�&ñ

�#�z�́+«>�̀¦Ãº'��
�

%i���. γ°úכs� 0.01õ� 0.9{9��â
Äº_����õ�\�¦�Ð���,7áx«Ñ�)a î̈
ç�H[j@/Ãº��H��_� 3C�����s�	�s�����

t�ëß�,%3�#Q���þj&h�K���H��_�	�s���\O�6£§�̀¦·ú�Ãºe����.s�ü<°ú �Ér���õ���H��6 x��_�{9��©�\�"f&h�

{©�ô�Ç7áx«Ñ �̧|	��̀¦ÂÒ#�
�l�0Aô�Ç γ°úכ_�[O�&ñ
\�#Q�9¹¡§�̀¦Ö¼��́Ãºe������H��Ér	כ���p�ô�Ç��.s_¦̀�	כ
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³ð II: 7áx«Ñ �̧|	� (8)_� γ°úכ����o\����Ér%ò
�¾Ó (500>h_���s�%7��̀¦°ú���HÅÒ Qm�ë�H]j\�@/ô�Çz�́+«>���
õ�):z�́+«>\���6 x�)a���Ér����Bj'�[þt_�[O�&ñ
�Ér³ð Iõ�°ú ��. b., m., w.��Hy��y�� best, mean, worst\�¦
_�p�
��¦, σü< t��Hy��y�� 30���z�́+«>���õ�_�³ðï�r¼#�	�ü<·ú��¦o�7£§_� î̈
ç�H7áx«Ñ[j@/Ãºs���.

γ of (8) 0.9 0.95 0.99

b. 2979.5 3016.2 3031.3
m. 2949.5 2993.9 3020.1

500 w. 2905.9 2960.7 3001.3
σ 20.372 14.295 7.681
t 484 722 1164

Prob(b)°úכs�y�� Q-q�àÔ_�SX�Ò�¦\�@/K��-Áº���y��
�l�M:ë�Hs���.

y�� Q-q�àÔ_�SX�Ò�¦\�@/ô�Ç���y���̧\�¦±ú�ÆÒ#Q��6 x��{9��©�\�"f �̧|	� γ°ú̀�כ¦"î
SX�
�>�[O�&ñ
½+ÉÃº

e����HDh�Ðî�r7áx«Ñ �̧|	�_�[O�>�\�¦0AK���6£§õ�°ú s� Q-q�àÔ>h�̂_�Ãº§4��̧\�¦&ñ
_�ô�Ç��.

Ça��+ 1. î̈
ç�Hq�àÔÃº§4��̧ Cb��H Q-q�àÔ>h�̂_�Ãº§4�&ñ
�̧\�¦����?/��Hl�ï�rÜ¼�Ð"f&ñ
_�÷& 9,Ãºd��

Ü¼�Ð��H��6£§õ�°ú s�&ñ
_��)a��:

Cb(q) =
1
m

m∑

i=1

∣∣1− 2|αi|2
∣∣

¢̧��H

Cb(q) =
1
m

m∑

i=1

∣∣1− 2|βi|2
∣∣ .

s�M: q��H Q-q�àÔ>h�̂s��¦, (αi, βi)��H q_� i���P: Q-q�àÔs���.

&ñ
_��)a î̈
ç�Hq�àÔÃº§4��̧\�¦s�6 x
�#���6£§õ�°ú s�Dh�Ðî�r7áx«Ñ �̧|	��̀¦[O�>�½+ÉÃºe����:

 1

n

n∑

j=1

Cb(qj)


 > γ. (8)

s�M: n�Ér8úx>h�̂Ãºs��¦, Cb(qj)��H j���P: Q-q�àÔ>h�̂_� î̈
ç�Hq�àÔÃº§4��̧\�¦�����·p��.Dh�Ðî�r7áx

«Ñ �̧|	� (8)�Éry�� Q-q�àÔ�� 0 ¢̧��H 1_��©�I��Ð#QÖ¼&ñ
�̧ Ãº§4�
�%i���Ht�\�@/ô�Ç"î
SX�ô�Ç_�p�\�¦]j

/BNô�Ç��.\V\�¦[þt#Q î̈
ç�Hq�àÔÃº§4��̧ Cb(q)°úכs� 0.99����â
Äº��H �̧��H Q-q�àÔ[þts� 0 ¢̧��H 1_��©�I�

�Ð î̈
ç�H 99%Ãº§4�Ùþ¡����H��p�ô�Ç��.7£¤,��6 x��[þt�Ér_¦̀�	כ î̈
ç�Hq�àÔÃº§4��̧_�"î
SX�ô�Ç_�p�\�¦���½Ó

Ü¼�Ð�Ð��~1�>�7áx«Ñ �̧|	� γ\�¦[O�&ñ
½+ÉÃºe��>��)a��.³ð II��H7áx«Ñ �̧|	� (8)_� γ°úכ����o\����Ér%ò
�¾Ó

�̀¦¶ú�(R�Ðl�0Aô�Ç 500>h��s�%7��̀¦°ú���HÅÒ Qm�ë�H]j(knapsack problem)_�z�́+«>���õ�s���.³ð Iõ���H

��ØÔ>� γ_�����o\����Ér���õ�_�����o�� ú̧��������¦e��6£§�̀¦SX����½+ÉÃºe����.
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(b) î̈
ç�Hq�àÔÃº§4��̧: Cb

ÕªaË> 6: (a)l��>r_� 7áx«Ñ �̧|	� (6)õ� (b)Dh�Ðî�r 7áx«Ñ �̧|	� (8)_� q��§. [j@/(generation)\� ���Ér ¿º
'���̧(measure)_�����o\�¦�����·p��. (a)_��â
Äº\���H'���̧°úכ_�	�H����oM:ë�H\� y»¡¤�Ér log10Û¼H�{9��Ð

����?/%3���.

¿º 7áx«Ñ �̧|	�\� @/ô�Ç 	�s���H ÕªaË> 6\�"f SX����y� ����èß���.ÕªaË> 6_� (a)ü< (b)��H y��y�� l��>r_�

7áx«Ñ �̧|	� (6)õ�Dh�Ðî�r7áx«Ñ �̧|	� (8)_�'���̧(measure)çß�_�	�s�&h��̀¦�����·p��. (a)��H log10 Û¼H�

{9��Ð����?/%3�6£§\��̧Ô�¦½̈
��¦ [j@/_�����o\�����SX�Ò�¦°úכs�	�H;�¤Ü¼�Ð���
��¦e��6£§�̀¦SX����½+É

Ãºe����.ìøÍ���\�,Dh�Ðî�r7áx«Ñ �̧|	�_� î̈
ç�Hq�àÔÃº§4��̧��H[j@/_�����o\����Ér Q-q�àÔ>h�̂_�Ãº

§4�#�ÂÒ\�¦ ú̧�����?/�¦e��6£§�̀¦SX����½+ÉÃºe����.

2. Q-q�àÔ�íl�°úכ_�%ò
�¾Ó

QEA_��íl��oõ�&ñ
��� ‘Q(t)�íl��o’ éß�>�\�"f��H II�©�\�"f���/åLô�Ç��ü<°ú s��̧��HQ-q�àÔ>h�̂

_� �̧��HQ-q�àÔ[þt�̀¦ ( 1√
2
, 1√

2
)�Ð�íl��or�(����[8]. s��
�Ér	כ���_�Q-q�àÔ>h�̂���ÃÐÒ�o/BNçß�(search

space)?/_� �̧��H ��0pxô�Ç K�(solution)[þt�̀¦ y��y�� °ú �Ér SX�Ò�¦�Ð �í�<Ê
��̧2�¤ �íl��oô�Ç �s���.7£¤,�í	כ

l�\���H�ÃÐÒ�o/BNçß�\�@/ô�Ç&ñ
�Ð�����)�\O����¦��&ñ

��¦,�ÃÐÒ�o/BNçß�_� �̧��H%ò
%i�\�@/K�Áº���0A�ÃÐ

Ò�o(random search)̀�¦ &h�6 xô�Ç �
.���s	כ�t�ëß�,K�\�¦ ¹1Ô�¦�� 
���H �ÃÐÒ�o /BNçß�\� @/ô�Ç ���çß�_� &ñ
�Ð\�¦

��t��¦e�����¦��&ñ
ô�Ç�����,s��Qô�Ç�����&ñ
�Ð\�¦ Q-q�àÔ_��íl�°úכ\�ìøÍ%ò
½+ÉÃºe��6£§�̀¦~1�>�\V8£¤

½+ÉÃºe����.

\V\�¦[þt#Q, 500>h��s�%7��̀¦°ú���HÅÒ Qm�ë�H]j\�¦Òqty��K��Ð��.s�M: î̈
ç�HÅÒ Qm�6 x|¾Ó(average

knapsack capacity)s������,ô�Ç&ñ
&h�ÅÒ Qm�6 x|¾Ó(restrictive knapsack capacity)C = 2v, v = 10,_� �̧
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³ð III: Q-q�àÔ_��íl�°úכ����o\����Ér%ò
�¾Ó (ô�Ç&ñ
&h�ÅÒ Qm�6 x|¾Ó, C = 20,�̀¦°ú���H 500>h��s�%7�_�
ÅÒ Qm�ë�H]j\�@/ô�Çz�́+«>���õ�):z�́+«>\���6 x�)a QEA_�>h�̂ç�Hß¼l�(population size)��H 15,���%i�s�
ÅÒÅÒl� Tg = 100,t�%i�ÕªÒ�̈ß¼l���H 3Ü¼�Ð[O�&ñ

�%i��¦,8úx 30���_�z�́+«>�̀¦Ãº'��
�%i���.7áx«Ñ �̧|	�
(8)̀�¦��6 x
�%i��¦,s�M: γ = 0.99�Ð[O�&ñ

�%i���. b., m., w.��Hy��y�� best, mean, worst\�¦_�p�
��¦,
σü< t��Hy��y�� 30���z�́+«>���õ�_�³ðï�r¼#�	�ü<·ú��¦o�7£§_� î̈
ç�H7áx«Ñ[j@/Ãºs���.

(α2
i , β

2
i ) (0.99, 0.01) (0.5, 0.5) (0.01, 0.99)

b. 94.993 94.856 94.892
m. 86.973 81.978 80.969

500 w. 79.942 69.983 69.996
σ 3.774 5.846 5.662
t 697 4682 8231

|	��̀¦°ú���HÅÒ Qm�ë�H]j\�¦�¦�9ô�Ç��.��s�%7��̀¦{���̀¦Ãºe����HÅÒ Qm�_�6 x|¾Ós��©�{©�y����l�M:ë�H\�,

þj&h� K���H éß�t� Ãº >h_� ��s�%7�ëß��̀¦ �í�<Ê½+É �s�����H	כ ��z�́�̀¦ ·ú� Ãº e����.7£¤,����̂ �ÃÐÒ�o /BNçß� ×�æ

\�"fÅÒ Qm�_�6 x|¾Ó]jô�Ç�̀¦�íõ�
���H�ÃÐÒ�o/BNçß�s���_�@/ÂÒì�r{9���s���.s�M:Äºo���Hs�p	כ “þj

&h�K���Héß�t�Ãº>h_���s�%7�ëß��̀¦�í�<Êô�Ç��”��H�����&ñ
�Ð\�¦��t��¦e����H�
s��¦,s�&ñ	כ�Ð�ÐÂÒ'�

(|βi|2�Ér 1_��©�I��Ð�'a8£¤|̈c SX�Ò�¦s�Ù¼�Ð) Q-q�àÔ_��íl�°ú̀�כ¦
(√

1− β2
i , βi

)∣∣∣
βi→0
ü<°ú s�[O�&ñ
½+É

Ãºe���̀¦�.���s	כ

³ð III�Érô�Ç&ñ
&h�ÅÒ Qm�6 x|¾Ó(C = 20)�̀¦°ú���H 500>h��s�%7�_�ÅÒ Qm�ë�H]j\�@/ô�Çz�́+«>���õ�\�¦

�Ð#�ï�r��.³ð III\�"f��H�íl�_� Q-q�àÔ°úכs� QEA_�$í
0px\�\O�����	�H%ò
�¾Ó�̀¦p�u���H��\�¦�Ð#�ÅÒ

�¦e����.�íl�Q-q�àÔ°úכ (α2
i , β

2
i ) = (0.99, 0.01)����â
Äº�����Ér¿º�â
Äº\�q�K��8a%~�Ér���õ�\�¦�Ðs�

�¦e��6£§\��̧Ô�¦½̈
��¦,·ú��¦o�7£§_� î̈
ç�H7áx«Ñr�çß��Ér���©�Âúª�Ér�SX����½+ÉÃºe����.Ãº§4�5Åq�̧�Ð¦̀�	כ

8̈�íß�
����, (0.99, 0.01)_����õ��� (0.5, 0.5)ü< (0.01, 0.99)_����õ�\�q�K�y��y�� 6.7C�, 11.8C��8��ØÔ

>�Ãº§4�
�%i���. ¢̧ô�Ç, 30���_�z�́+«>�̀¦:�xK�%3��Érþj&h�K�[þt_�³ðï�r¼#�	��̧ (0.99, 0.01)_��â
Äº����

�©�����Ér���õ�\�¦�Ðs��¦e����.s��)
�Ér·ú��¦o�7£§s�K�\�¦¹1Ô��ÅÒ��HX<e��#Q"f_�y©����$í	כrobustness(s�

�8ÄºÃº
�����H�.���p�ô�Ç_¦̀�	כ

0A_�z�́+«>���õ���H·ú¡"f�����&ñ
�Ð\�¦:�xK�\V8£¤ô�Ç���õ�ü<&ñ
SX�y�{9�u�ô�Ç��.s�ü<°ú �Ér���õ���H

�íl�_��ÃÐÒ�o/BNçß�õ����%i�þj&h�K�ü<_��'a>��Ð[O�"î
s���0px
���.�íl�_��ÃÐÒ�o/BNçß��̀¦���%i�þj&h�K�

ü<����î�r%ò
%i�Ü¼�Ð[O�&ñ
ô�Ç�����Âúª�Érr�çß�?/\��Ð���8ÄºÃºô�ÇK�\�¦%3��̀¦Ãºe���̀¦����s���.ìøÍ	כ

\�,�íl�_��ÃÐÒ�o/BNçß��̀¦���%i�þj&h�K��ÐÂÒ'�YO�o�b��#Q���%ò
%i�Ü¼�Ð[O�&ñ

�%i������,Ãº§4�r�çß��̧Zþt

#Q±ú�÷�rëß���m���7áx«Ñr�&h�\�"f%3�#Q���K������%i�þj&h�K�ü<Ä»��½+ÉSX�Ò�¦�̧±ú���t�>��)a��.
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(a) (α2
i , β

2
i ) = (0.65, 0.35)
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(b) (α2
i , β

2
i ) = (0.6, 0.4)
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(c) (α2
i , β

2
i ) = (0.5, 0.5)
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(d) (α2
i , β

2
i ) = (0.4, 0.6)
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(e) (α2
i , β

2
i ) = (0.35, 0.65)

ÕªaË> 7: �íl�_� Q-q�àÔ (α2
i , β

2
i ) °úכ_� [O�&ñ
\� ���Ér �íl� �ÃÐÒ�o /BNçß�(search space)_� 	�s�: ����̂

�ÃÐÒ�o /BNçß�_� ß¼l���H xü< y�� y��y�� 27Ü¼�Ð 8úx 214s���. (x, y) î̈
��� �©�\�"f K�{©� 0Au�_� µ1ßl���
#Q¿ºÖ�¦Ãº2�¤�íl�_��ÃÐÒ�o/BNçß�\��í�<Ê|̈c SX�Ò�¦s�Z�}����H�.���p�ô�Ç_¦̀�	כ �íl��ÃÐÒ�o/BNçß�_�SX�Ò�¦�Ér
y�� Q-q�àÔ>h�̂\�¦ 105����'a8£¤ô�Ç���õ�\�¦s�6 x
�#�>�íß�
�%i���.
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ÕªaË> 7_� (a)-(e)��H�íl�_� Q-q�àÔ (α2
i , β

2
i )°úכ_�[O�&ñ
\����Ér�íl��ÃÐÒ�o/BNçß�_�	�s�\�¦�����·p

��. αü< β°ú1¦̀�כlx{9�
�>�[O�&ñ
ô�Ç (c)_��â
Äº\���H, �̧��H�ÃÐÒ�o/BNçß�\�@/K���_�ç�H{9�ô�ÇSX�Ò�¦ì�r�í\�¦

�Ðs��¦e����.s��
�Ér�íl��ÃÐÒ�os����%ò	כ%i�\�@/K�Áº���0A���Ò�oÜ¼�Ðr����ô�Ç����H�
�õ�{9�u	כ���H���

õ�s���.
�t�ëß�, αü< β °ú1¦̀�כlx{9�
�>�[O�&ñ

�t�·ú§�Ér (a), (b), (d), (e)_����õ�\�"f��H_�p�e����HSX�Ò�¦

ì�r�í\�¦�Ð�����. α�� β�Ð���8ß¼>�[O�&ñ
|̈cÃº2�¤ (0000000, 0000000)_�~½Ó�¾ÓÜ¼�ÐSX�Ò�¦ì�r�í��j"to�

>�÷&�¦,ìøÍ@/�Ð α�� β�Ð���8���>�[O�&ñ
|̈cÃº2�¤ (1111111, 1111111)_�~½Ó�¾ÓÜ¼�ÐSX�Ò�¦ì�r�í��j"to�

>��)a����H��z�́�̀¦SX����½+ÉÃºe����.

3. Hε>�s�àÔ

QEA_� ���+þA ���íß�����H Q->�s�àÔ�Ð &ñ
_�÷& 9, l��:r Q->�s�àÔ�Ð��H �r��� >�s�àÔ\�¦ ��6 xô�Ç��.


�t�ëß�, Q-q�àÔ�� 0 ¢̧��H 1_��©�I��Ðs�p�¢-a���y�Ãº§4�ô�Ç�â
Äº\�¦Òqty��K��Ð��.:£¤&ñ
�©�I��Ð¢-a���

y�Ãº§4�ô�Ç Q-q�àÔ��H��6£§[j@/\�"f��Áºo��'a8£¤�̀¦
�#��̧ Ãº§4�ô�Ç�©�I�ëß��̀¦���õ��Ð�Ðs�>��)a��.

7£¤,¢-a���y� Ãº§4��)a �©�I���H �'a8£¤�̀¦ :�xK� ��4R���̀¦ #�t��� ���)� \O�>� �)a��.s���Ér	כ Q-q�àÔ >h�̂��

²DGÂÒþj&h�K�\���&���̀¦�â
Äº\�~1�>���4R���̧t�3lw½+É��e���̀¦\V8£¤½+ÉÃºe����.Óüt�:r���%i	כ ¢̧��Ht�

%i�s�ÅÒ\�¦:�xK�Ãº1lx&h�Ü¼�Ð»1ÏØ�¦½+ÉÃºe����H#�t���e��t�ëß�,0px1lx&h����»1ÏØ�¦�Ér��_�Ô�¦��0px½+É��s	כ

��.s�ü<°ú �Érë�H]j&h��̀¦K����
�l�0AK�"f��6£§õ�°ú �ÉrDh�Ðî�rHε>�s�àÔ\�¦]jîß�ô�Ç��.

Ça��+ 2. Hε>�s�àÔ��H�r���>�s�àÔ_����+þA�)a+þAI�\�¦°ú���H Q->�s�àÔ�Ð"f,��6£§õ�°ú s�&ñ
_��)a��:

[α′i β′i]
T = Hε(αi, βi, ∆θi). (9)

#�l�"f, [α′′i β′′i ]T = R(∆θi)[αi βi]T\�@/K�:

i) ëß���� |α′′i |2 ≤ εs��¦ |β′′i |2 ≥ 1− εs����,

[α′i β′i]
T = [

√
ε
√

1− ε]T ;

ii) ëß���� |α′′i |2 ≥ 1− εs��¦ |β′′i |2 ≤ εs����,

[α′i β′i]
T = [

√
1− ε

√
ε]T ;

iii) �� Qt��â
Äº\���H

[α′i β′i]
T = [α′′i β′′i ]T
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ÕªaË> 8: Hε>�s�àÔ: �r���>�s�àÔ_�>h����)a+þAI����Dh�Ðî�r Q->�s�àÔ.

�Ð&ñ
_��)a��.s�M:, 0 < ε ¿ 1�̀¦ëß�7á¤
��¦, R(∆θi)��H�r���>�s�àÔ, ∆θi, i = 1, 2, · · · , m,��Hy��Q-q�

àÔ_��r���y���̀¦ ú́�ô�Ç��.

ÕªaË> 8�Ér Hε >�s�àÔ\�¦�����·p��.ÕªaË>\�"f�̧·ú�Ãºe��1pws�, limε→0 Hε(·)�Ér�r���>�s�àÔü<1lx

{9�
�>��)a��.�r���>�s�àÔ��Hy�� Q-q�àÔ_�SX�Ò�¦ |α|2 ¢̧��H |β|2�̀¦ 0 ¢̧��H 1�ÐÃº§4�r�v�t�ëß�, Hε>�s�

àÔ��H ε ¢̧��H (1 − ε)Ü¼�ÐÃº§4�r������. Hε >�s�àÔ��H 0 ¢̧��H 1_��©�I��Ð¢-a���y�Ãº§4�
���H��Ót½~¦̀�	כ


�l�M:ë�H\�, Q-q�àÔ>h�̂��²DGÂÒþj&h�K�\���&���̀¦�â
Äº\��̧�'a8£¤õ�&ñ
�̀¦:�xK�0px1lx&h�Ü¼�Ð»1ÏØ�¦


���H�,s���0pxK������.7£¤	כ Hε >�s�àÔ��H²DGÂÒþj&h�K��� ú́§s��>rF�
���Hë�H]j{9�Ãº2�¤ÄºÃºô�Ç$í
0px

�̀¦�Ð{9�Ãºe����.

ëß���� Hε >�s�àÔ\�¦ Q->�s�àÔ�Ð ��6 xô�Ç�����,·ú��¦o�7£§_� 7áx«Ñ �̧|	� (8)�Ér ��6£§õ� °ú s� εs� �¦

�9�)a+þAI��Ð����â
÷&#Q��ô�Ç��:

 1

n

n∑

j=1

Cb(qj)


 > (1− 2ε)γ. (10)

4. 2�©��ª�������o·ú��¦o�7£§ (TPQEA)

III.2]X�\�"f��H Q-q�àÔ�íl�°úכ_�[O�&ñ
s� QEA_�$í
0px�̀¦�¾Ó�©�r�~�́Ãºe������H��z�́�̀¦SX����
�%i�

��.s��<�ÉrÕªaË	כ 7\�"fü<°ú s� Q-q�àÔ_��íl�°úכs��íl�_��ÃÐÒ�o/BNçß�õ�f��]X�&h�Ü¼�Ð������÷&#Qe��

l�M:ë�Hs�%3���.ëß����#�l�"f,���%i�þj&h�K�\�¦�í�<Ê
���H�ÃÐÒ�o/BNçß�õ��������)a�íl�Q-q�àÔ°ú¹1¦̀�כÔ��
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s�6 x½+ÉÃºe�����¦ô�Ç�����, Q-q�àÔ>h�̂��HÂúª�Érr�çß�?/\� ò́Ö�¦&h�Ü¼�Ð���%i�þj&h�K�_�~½Ó�¾ÓÜ¼�ÐÃº

§4�K���°ú��
��s���.s�ü<°ú �Ér>h¥Æ��̀¦QEA·ú��¦o�7£§\�ÆÒ	כ�#�, 2�©��ª�������o·ú��¦o�7£§(TPQEA)

�̀¦]jîß�
��¦��ô�Ç��.

TPQEA��HÕªaË> 9ü<°ú s�ß¼>�¿ºõ�&ñ
Ü¼�Ð&ñ
_��)a��.'Í	���P:õ�&ñ
�Ér ‘1éß�>� QEA’(first-phase

QEA)�Ð ÄºÃºô�Ç $í
0px�̀¦ �Ðs���H �íl� Q-q�àÔ °ú̀�כ¦ ¹1Ô��H��. ¿º ���P: õ�&ñ
�Ér ‘2éß�>� QEA’(second-

phase QEA)�Ð"f 1éß�>� QEA\�"f¹1Ô�Ér�íl� Q-q�àÔ°ú̀�כ¦s�6 x
�#� �̧��H Q-q�àÔ>h�̂[þt�̀¦�íl��o


��¦þj&h�K�\�¦¹1Ô��H��.

Procedure TPQEA
begin
i) First-phase QEA
ii) Second-phase QEA
end

ÕªaË> 9: 2�©��ª�������o·ú��¦o�7£§(TPQEA).

Procedure first-phase QEA (1í5�N�)
begin

t ← 0
i) Q(t)t�%i�ÕªÒ�̈Z>��íl��o

Q(t)�©�I��'a8£¤\�_�ô�Ç P (t)Òqt$í

P (t) î̈
��
P (t)×�æþj&h�K�\�¦ B(t)\�$��©�

ii) while (not7áx«Ñ �̧|	�) do
begin

t ← t + 1
Q(t− 1)�©�I��'a8£¤\�_�ô�Ç P (t)Òqt$í

P (t) î̈
��
Q(t)Ìqt��� (Q->�s�àÔ���íß���s�6 x)
B(t− 1)õ� P (t)×�æ>h�̂Z>�þj&h�K�\�¦ B(t)\�$��©�
if (t�%i�s�ÅÒ �̧|	�)
thent�%i�ÕªÒ�̈?/\�"f_�>h�̂Z>�þj&h�K�çß�_�s�ÅÒ (t�%i�s�ÅÒ)

end
iii) ���©�ÄºÃºô�Ç���õ�\�¦�Ð���t�%i�ÕªÒ�̈_��íl� Q-q�àÔ°ú̀�כ¦ [αb βb]T\�$��©�
end

ÕªaË> 10: TPQEA_� 1éß�>� QEA.
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ÕªaË> 11: 1éß�>� QEA ½̈�̧_� \V: >h�̂ç�H ß¼l�(population size)��H 6,t�%i� ÕªÒ�̈_� ß¼l�(local-group
size)��H 3, Q-q�àÔ>h�̂_��'a8£¤�rÃº��H 3Ü¼�Ð[O�&ñ

�%i��̀¦�â
Äº_� ½̈�̧s���.

ÕªaË> 10�Ér TPQEA_� 1éß�>� QEA\�¦ �����·p��. 1éß�>� QEA��H l��:r QEAü< ��_� Ä»��
�t�ëß�,

Q(t)_��íl��oõ�&ñ
s���ØÔ����H&h�\�"f	�s���e����.

i) �íl��oõ�&ñ
\�"f��Ht�%i�ÕªÒ�̈Z>��Ð"f�Ð���Ér Q-q�àÔ°ú̀�כ¦[O�&ñ

�#�,y��t�%i�ÕªÒ�̈s�"f�Ð

���Ér�ÃÐÒ�o/BNçß��̀¦�ÃÐ+«>
��̧2�¤Ä»�̧ô�Ç��. g���P:t�%i�ÕªÒ�̈_��íl� Q-q�àÔ°úכ�Ér��6£§õ�°ú s�[O�&ñ


ô�Ç��:

[
αg

βg

]
=




√
(1−2δ)
Ng−1 g + δ√

1− (1−2δ)
Ng−1 g + δ


 . (11)

#�l�"f, Ng��Ht�%i�ÕªÒ�̈_�>hÃºs��¦, 0 < δ ¿ 1_� �̧|	��̀¦ëß�7á¤
���H δ��H 0 ¢̧��H 1_��©�I�\�@/ô�Ç

þj�èSX�Ò�¦�̀¦�����·p��.7£¤,d�� (11)�Ér [δ, 1 − δ]_� ½̈çß��̀¦ Ng >hÃº�Ð1pxì�r
�#�ÕªÒ�̈Z>� Q-q�àÔ_�SX�

Ò�¦�Ð½+É{©�ô�Ç��.

1éß�>� QEA\�"f��Hy��t�%i�ÕªÒ�̈_�ç�H|9�$í
(homogeneity)̀�¦�Ð�©�
�l�0AK�þj�©�0Aþj&h�K� bü<

���%i�s�ÅÒõ�&ñ
�̀¦��6 x
�t�·ú§��H��.a%~�Ér Q-q�àÔ�íl�°ú¹1¦̀�כÔl�0AK�"ft�%i�ÕªÒ�̈Z>��Ð1lqwn�&h����

þj&h��o\�¦Ãº'��ô�Ç��.����"f,t�%i�ÕªÒ�̈çß�\���H&ñ
�Ð�§8̈�s�\O�Ü¼ 9,t�%i�ÕªÒ�̈?/\�"fëß�t�%i�s�ÅÒ

\�¦Ãº'��
�>��)a��.\V\�¦[þt#Q,8úx>h�̂ç�Hß¼l��� 6s��¦,t�%i�ÕªÒ�̈_�ß¼l��� 3, Q-q�àÔ>h�̂_��'a8£¤

�rÃº�� 3{9��â
Äº_� 1éß�>� QEA ½̈�̧��HÕªaË> 11õ�°ú ��.

ii) 1éß�>�QEA_�7áx«Ñ �̧|	�Ü¼�Ð��HHε>�s�àÔ_���6 x#�ÂÒ\����� �̧|	�d�� (8) ¢̧��H (10)̀�¦��6 x

½+ÉÃºe����.
�t�ëß�, 1éß�>�\�"f 2éß�>��Ð_����Ér���8̈�s��9¹כ�ô�Çë�H]j\�@/K�"f��H��6£§õ�°ú �Ér7áx«Ñ
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Procedure second-phase QEA (2í5�N�)
begin

t ← 0
i) [αb βb]T\�¦s�6 xô�Ç Q(t)�íl��o

Q(t)�©�I��'a8£¤\�_�ô�Ç P (t)Òqt$í

P (t) î̈
��
P (t)×�æþj&h�K�\�¦ B(t)\�$��©�
while (not7áx«Ñ �̧|	�) do
begin

t ← t + 1
Q(t− 1)�©�I��'a8£¤\�_�ô�Ç P (t)Òqt$í

P (t) î̈
��
Q(t)Ìqt��� (Q->�s�àÔ���íß���s�6 x)
B(t− 1)õ� P (t)×�æ>h�̂Z>�þj&h�K�\�¦ B(t)\�$��©�
B(t)×�æþj&h�K�\�¦ b\�$��©�
if (���%i�s�ÅÒ �̧|	�)
thenþj�©�0Aþj&h�K� b\�¦ �̧��H>h�̂Z>�þj&h�K�|9�½+Ë B(t)�Ðs�ÅÒ (���%i�s�ÅÒ)
else if(t�%i�s�ÅÒ �̧|	�)
thent�%i�ÕªÒ�̈?/\�"f_�>h�̂Z>�þj&h�K�çß�_�s�ÅÒ (t�%i�s�ÅÒ)

end
end

ÕªaË> 12: TPQEA_� 2éß�>� QEA.

�̧|	�d���̀¦��6 x½+ÉÃºe����:

(
n

max
j=1

Cb(qj)
)

> γ. (12)

¢̧��H, Hε>�s�àÔ\�¦��6 x½+É�â
Äº\���H ε_�%ò
�¾Ó�̀¦�¦�9
�#�

(
n

max
j=1

Cb(qj)
)

> (1− 2ε)γ (13)

_�7áx«Ñ �̧|	��̀¦��6 x½+ÉÃºe����.

iii) ·ú��¦o�7£§_���t�}��\���H7áx«Ñr�&h�\�"f���©�ÄºÃºô�Ç���õ�\�¦�Ð���t�%i�ÕªÒ�̈_��íl� Q-q�

àÔ°ú̀�כ¦ [αb βb]T\�$��©�
���Hõ�&ñ
s�ÆÒ���)a��.

ÕªaË> 12��H TPQEA_� 2éß�>�QEA·ú��¦o�7£§�̀¦�����·p��.l��:rQEA·ú��¦o�7£§õ���_�1lx{9�
� 9,

‘ t ← 0’ õ�&ñ
s�]j��÷&�¦, Q(t)_��íl��oõ�&ñ
s�����â
�)a&h�ëß�s���ØÔ��.l��:r QEA_��íl��oõ�&ñ


\�"f��H �̧��H Q-q�àÔ\�¦ ( 1√
2
, 1√

2
)�Ð�íl��o
�%i�t�ëß�, 2éß�>� QEA\�"f��H �̧��H Q-q�àÔ\�¦ 1éß�>� QEA

\�"f¹1Ô�Ér [αb βb]T °úכÜ¼�Ð�íl��oô�Ç��.
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ÕªaË> 13: 5-q�àÔàÔêÁ��<ÊÃº.

³ð IV: ���5Åq�)a 5-q�àÔàÔêÁ�ë�H]j(Ntrap = 20)_�z�́+«>���õ�:z�́+«>\���6 x�)a>h�̂ç�Hß¼l�(population
size)��H 15,���%i�s�ÅÒÅÒl� Tg = 100,t�%i�ÕªÒ�̈ß¼l���H 3Ü¼�Ð[O�&ñ

�%i��¦,8úx 30���_�z�́+«>�̀¦Ãº'��

�%i���.7áx«Ñ �̧|	� (10)̀�¦��6 x
�%i��¦,s�M: γ = 0.99�Ð[O�&ñ

�%i���. TPQEA_� 1éß�>�\�¦0Aô�Ç γü<
δ��Hy��y�� 0.9ü< 0.05�Ð[O�&ñ

�%i���. ¢̧ô�Ç, TPQEAü< QEA\�¦0Aô�Ç Hε >�s�àÔ_� ε�Ér 0.01�Ð[O�&ñ

�
%i���. b., m., w.��Hy��y�� best, mean, worst\�¦_�p�
��¦, σü< t��Hy��y�� 30���z�́+«>���õ�_�³ðï�r¼#�	�
ü<·ú��¦o�7£§_� î̈
ç�H7áx«Ñ[j@/Ãºs���. TPQEA_� t��H¿ºéß�>�_�[j@/Ãº\�¦ �̧¿º½+Ë�2;���õ�s���.

QEA TPQEA

b. 90 100
m. 85.033 100

ftrap w. 81 100
σ 1.722 0
t 218 84

5. TPQEA_�$í
0px���7£x: 5-q�àÔàÔêÁ�(5-bit trap)ë�H]j\�_�&h�6 x

TPQEA_�$í
0px�̀¦���7£x
�l�0AK���6£§õ�°ú �Ér���5Åq�)a 5-q�àÔàÔêÁ�ë�H]j\�¦�¦�9ô�Ç��:

ftrap(x) =
Ntrap−1∑

i=0

trap(x5i+1, x5i+2, x5i+3, x5i+4, x5i+5).

#�l�"f, Ntrap�ÉràÔêÁ�_�>hÃºs��¦,
���_� 5-q�àÔàÔêÁ��<ÊÃº��H��6£§õ�°ú ��:

trap(x) =
{

4− ones(x) , if ones(x) ≤ 4
5 , if ones(x) = 5.

�<ÊÃº ftrap_�þj@/°ú̀�כ¦°ú���HK� (1, 1, 1, 1, 1)̀�¦¹1Ôl�0AK�"f��H,ÕªaË> 13\�"f�Ð��H��ü<°ú s�àÔêÁ�

(0, 0, 0, 0, 0)\���4R"f��Hîß��)a��.#��Q>h_� 5-q�àÔàÔêÁ�s����5Åq�)aë�H]j��Hl��>r_�����o·ú��¦o�7£§

[þts�@/ÂÒì�r���%i�þj&h�K�\�¦ ½̈
�t�3lw
���Hë�H]j�Ð ú̧�·ú��94Re����.

³ð IV��H���5Åq�)a 5-q�àÔàÔêÁ�ë�H]j_�z�́+«>���õ�\�¦�Ð#�ï�r��. 5-q�àÔàÔêÁ�_�>hÃº Ntrap = 20Ü¼
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�Ð [O�&ñ

�%i��¦, s�M: ���%i� þj&h� K���H �̧��H 100q�àÔ_� °úכs� 1{9�M: ftrap = 100s���. z�́+«> ���õ��Ð

ÂÒ'� TPQEA_� $í
0pxs� QEA\� q�K� �©�{©�y� ÄºÃº
�����H �¦̀�	כ SX����½+É Ãº e����. 30��� z�́+«>\� @/K�

QEA_� �â
Äº\���H î̈
ç�H 5>h_� 5-q�àÔ àÔêÁ�ëß��̀¦ ��4R���:r ìøÍ���, TPQEA_� �â
Äº\���H 30��� z�́+«> �̧

¿º 20>h_� 5-q�àÔàÔêÁ��̀¦ �̧¿º ��4R��ü<���%i�þj&h�K�\�¦ ½̈
�%i���.:£¤y�, TPQEA��H 2éß�>��Ð ½̈$í


÷&#Qe��6£§\��̧Ô�¦½̈
��¦, î̈
ç�H7áx«Ñ[j@/Ãº\�e��#Q"f�̧ QEA�Ð���s̀�������Ér°ú̀�כ¦�Ðs��¦e��6£§�̀¦

SX����½+ÉÃºe����.

IV. z�́+«>x9����õ�

�:r�©�\�"f��H TPQEA_�$í
0px�̀¦���7£x
�l�0AK�#��Qþj&h��oë�H]j\�@/ô�Çz�́+«>�̀¦Ãº'��ô�Ç��.z�́

+«>\�"f��H �̧½+Ëþj&h��oë�H]jü<Ãºu�þj&h��oë�H]j\�¦ �̧¿º��ê�r��.

1. �̧½+Ëþj&h��o (Combinatorial optimization)

�̧½+Ëþj&h��oz�́+«>Ü¼�Ð��H III�©�\�"f���/åLô�Çô�Ç&ñ
&h�ÅÒ Qm�6 x|¾Ó(C = 2v, v = 10)�̀¦°ú���HÅÒ Q

m�ë�H]j\�¦�¦�9ô�Ç��.ÅÒ Qm�ë�H]j\�@/ô�Ç��[jô�Ç[O�"î
�ÉrÂÒ2�¤ A\�"f��ê�r��. 100>h, 250>h, 500>h

_� ��s�%7��̀¦ °ú���H [j ��t� ë�H]j\�¦ �¦�9
�%i��¦, TPQEA_� $í
0px q��§\�¦ 0AK� QEA\� @/ô�Ç z�́+«>�̀¦

�<Êa� Ãº'��
�%i���.ÅÒ Qm� ë�H]j\� @/K�"f��H l��>r_� Ä»����� ·ú��¦o�7£§(CGA: conventional GA)�Ð��

QEA_�$í
0pxs��Z41pxy�ÄºÃº
�����H���õ���s�p����7£x÷&%3�Ü¼Ù¼�Ð[8],#�l�"f��HQEAü<_�q��§ëß��̀¦

��ÀÒ%3���. II.3]X�_����õ�\�"f�̧ 100>h>h�̂\�¦s�6 xô�Ç CGA_����õ��Ð�� 1>h>h�̂\�¦��6 xô�Ç QEA_�

���õ����8ÄºÃº
�%i��¦,s�M:Ãº§4�5Åq�̧��H QEA����� 70C�&ñ
�̧À1Ï|ÃÛ��.

z�́+«>\�"f��6 xô�Ç TPQEAü<QEA_�����Bj'�[O�&ñ
�Ér³ð Vü<°ú ��. TPQEAü<QEA_�����Bj'�

��H �̧¿º1lx{9�
�>�[O�&ñ

�%i��¦, TPQEA_� 1éß�>� QEA\�¦0Aô�Ç����Bj'�°úכëß�ÆÒ��÷&%3���. TPQEA

ü< QEA_� Q->�s�àÔ�r���y��∆θi_�°úכ p (= |n|)��H 0.01π�Ð[O�&ñ

�%i���.

³ð VI�Ér 100, 250, 500>h��s�%7�_�ÅÒ Qm�ë�H]j\�@/ô�Ç TPQEAü< QEA_�z�́+«>���õ�\�¦�����·p

��.þj7áx&h�Ü¼�Ð¹1Ô�Érþj&h�K�_�s�1pq°úכ\�e��#Q"f[j��t�ë�H]j\�@/K� �̧¿º TPQEA��ÄºÃºô�Ç���

õ�\�¦�Ð#�ÅÒ�¦e��6£§�̀¦SX����½+ÉÃºe����. TPQEA_�s�1pq°úכs��8ÄºÃº�<Ê\��̧Ô�¦½̈
��¦,Ãº§4�r�çß�

�Ér QEA�Ð���8Âúª��¤��.Ãº§4�5Åq�̧�Ð 8̈�íß�
���� TPQEA_�Ãº§4�5Åq�̧�� 100, 250, 500��s�%7�ë�H]j

\�@/K�"f QEA_�Ãº§4�5Åq�̧�Ð��y��y�� 1.8, 2.9, 4.0C��8��ØÔ����H�.����ú�Ãºe·¦̀�	כ ¢̧ô�Ç, 30���_�
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³ð V: ÅÒ Qm� ë�H]j_� z�́+«>�̀¦ 0Aô�Ç TPQEAü< QEA_� ����Bj'� [O�&ñ
: ‘-’ ³ðr���H K�{©� ����Bj'���H
��6 x÷&t�·ú§6£§�̀¦_�p�ô�Ç��.

QEA TPQEA
1éß�>� 2éß�>�

8úx>h�̂Ãº(population size) 15 15
Q-q�àÔ>h�̂_��'a8£¤�rÃº 1 1

t�%i�ÕªÒ�̈ß¼l�(local-group size) 3 3
���%i�s�ÅÒÅÒl�: Tg 100 - 100
7áx«Ñ �̧|	�: γ 0.99 0.99 0.99
7áx«Ñ �̧|	�d�� (8) (12) (8)

(11)_�þj�èSX�Ò�¦: δ - 0.01 -

³ð VI: Q-q�àÔ_��íl�°úכ����o\����Ér%ò
�¾Ó (ô�Ç&ñ
&h�ÅÒ Qm�6 x|¾Ó, C = 20,�̀¦°ú���HÅÒ Qm�ë�H]j\�
@/ô�Ç z�́+«> ���õ�): z�́+«>\� ��6 x�)a ����Bj'���H ³ð Vü< °ú �¦,8úx 30���_� z�́+«>�̀¦ Ãº'��
�%i���. b., m.,
w.��Hy��y�� best, mean, worst\�¦_�p�
��¦, σü< t��Hy��y�� 30���z�́+«>���õ�_�³ðï�r¼#�	�ü<·ú��¦o�7£§
_� î̈
ç�H7áx«Ñ[j@/Ãºs���.

QEA TPQEA

b. 69.998 69.999
m. 67.819 68.467

100 w. 59.995 64.969
σ 3.774 2.279
t 1463 804

QEA TPQEA

b. 94.998 94.997
m. 87.484 90.122

250 w. 74.991 84.674
σ 4.604 3.551
t 2680 929

QEA TPQEA

b. 89.998 94.968
m. 81.788 85.309

500 w. 69.983 74.983
σ 5.082 4.998
t 4624 1165

z�́+«>�̀¦:�xK�%3��Érþj&h�K�[þt_�³ðï�r¼#�	����õ�\�e��#Q"f�̧ TPQEA���8ÄºÃºô�Ç���õ�\�¦�Ðs��¦e��

��.s���Ér	כ TPQEA·ú��¦o�7£§_�y©����$í
(robustness)s��8ÄºÃº
�����H�.���p�ô�Ç_¦̀�	כ

ÕªaË> 14��H TPQEA_�ÄºÃºô�Ç$í
0px�̀¦SX����y�����?/�¦e����.z�́+«>Ü¼�Ð%3��Érþj&h�K�_�[j@/\�

���Ér î̈
ç�Hs�1pqÕªA�áÔ (a), (c), (e)_� TPQEA���õ�\�¦�Ð���, 1éß�>�\�"f 2éß�>��Ð���8̈�÷&��Hr�&h��̀¦SX�

���½+ÉÃºe���¦,éß�>�_����8̈�s�s�ÀÒ#Q���s�Êê\���H TPQEAü< QEA_����õ���	�H	�s��ÐZO�#Qt���H�	כ

�̀¦SX����½+ÉÃºe����.éß�, 100>h��s�%7��̀¦°ú���Hë�H]j\�"f��Hq��§&h�����Ér	�s�\�¦�Ðs��¦e����.s���Ér	כ

100>h_���s�%7��̀¦°ú���Hë�H]j��Hq��§&h�çß�éß�
�#�, TPQEAü< QEA �̧¿ºÂúª�Érr�çß�?/\�þj&h�K�\�¦

¹1Ô�̀¦Ãºe��%3�l�M:ë�Hs���.:£¤y�, �̧��H>h�̂[þt_� î̈
ç�Hs�1pqÕªA�áÔ (b), (d), (f)��H TPQEAü< QEA_�

$í
0px_�	�s�\�¦SX����y��Ð#�ï�r��. TPQEA_��â
Äº\���Héß�>����8̈�s�µ1ÏÒqtô�Çs�Êê �̧��H>h�̂[þts���

�Ér5Åq�̧�Ð þj&h�K�\�¦�¾ÓK�Ãº§4�K�����H�¦̀�	כ �̂¦Ãºe����HìøÍ���, QEA_��â
Äº\���H>h�̂[þt_�Ãº§4�5Åq

�̧��Ö¼�2;�.����SX����½+ÉÃºe¦̀�	כ 500>h��s�%7�_�ë�H]j���õ�\�"f��H 1,500[j@/\�"f TPQEA��H �̧��H
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>h�̂[þts�þj&h�K��Ð��_�Ãº§4�ô�Ç�©�I�s�t�ëß�, QEA_�>h�̂[þt�Ér����o����_�\O�6£§�̀¦ �̂¦Ãºe����.

³ð VI_����õ�ü<ÕªaË> 14_����õ��ÐÂÒ'� TPQEA�� QEA\�q�K�þj7áx&h�Ü¼�Ð%3�#Qt���Hþj&h�K�

_�Ãºï�r,Ãº§4�5Åq�̧,1lx���_�y©����$í
1px �̧��H���\�"f�8ÄºÃºô�Ç$í
0px�̀¦�Ð�������H��z�́�̀¦SX����½+ÉÃº

e����.

2.Ãºu�þj&h��o (Numerical optimization)

QEA��Hl��:r&h�Ü¼�Ð �̧½+Ëþj&h��o\�¦��ÀÒl�0Aô�Ç·ú��¦o�7£§Ü¼�Ð]jîß�÷&%3��¦,Ãºu�þj&h��o\�&h�

6 x�)a���½̈��H��f��µ1Ï³ð÷&t�·ú§��¤��.{9�ìøÍ&h�Ü¼�ÐÃºu�þj&h��o\�"f��Hz�́Ãº³ð�&³ZO��̀¦s�6 x
���H EP

�� ES��s����³ð�&³ZO��̀¦��6 x
���H GA�Ð��ÄºÃºô�Ç$í
0px�̀¦�Ð������¦·ú��94Re����. QEA�̧ s����³ð

�&³ZO��̀¦��6 x
�l�M:ë�H\�Ãºu�þj&h��o\�e��#Q"fÄ»o�ô�Ç �̧|	��Ér��m���.Õª!3�\��̧Ô�¦½̈
��¦,�:r]X�

\�"f��H 5��t�_� Ãºu� þj&h��o ë�H]j\�¦ :�xK� QEAü< TPQEA_� Ãºu� þj&h��o &h�6 x ��0px$í
�̀¦ SX����
�

�¦,$í
0px�̀¦q��§ô�Ç��.

z�́+«>\�"f��6 x�)a 5��t�Ãºu�þj&h��oë�H]j��H��6£§õ�°ú ��.

Sphere function:

f(x) =
N∑

i=1

x2
i (14)

�ÃÐÒ�o/BNçß��Ér −100.0 ≤ xi ≤ 100.0, N = 30s���. x = (0, 0, · · · , 0)\�"f���%i�þj�è°úכ 0.0�̀¦°ú���H��.

Ackley function:

f(x) = −20 exp


−0.2

√√√√ 1
N

N∑

i=1

x2
i


− exp

(
1
N

N∑

i=1

cos(2πxi)

)
+ 20 + e (15)

�ÃÐÒ�o/BNçß��Ér −32.0 ≤ xi ≤ 32.0, N = 30s���. x = (0, 0, · · · , 0)\�"f���%i�þj�è°úכ 0.0�̀¦°ú���H��.

Rastrigin function:

f(x) = 10N

N∑

i=1

(
x2

i − 10 cos(2πxi)
)

(16)

�ÃÐÒ�o/BNçß��Ér −5.12 ≤ xi ≤ 5.12, N = 30s���. x = (0, 0, · · · , 0)\�"f���%i�þj�è°úכ 0.0�̀¦°ú���H��.

Schwefel function:

f(x) = 418.9829N −
N∑

i=1

xi sin(
√
|xi|) (17)
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(a)î̈
ç�Hþj�©�s�1pq (100��s�%7�)
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(b) �̧��H>h�̂[þt_� î̈
ç�Hs�1pq (100��s�%7�)
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(c) î̈
ç�Hþj�©�s�1pq (250��s�%7�)
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(d) �̧��H>h�̂[þt_� î̈
ç�Hs�1pq (250��s�%7�)
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(e)î̈
ç�Hþj�©�s�1pq (500��s�%7�)
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(f) �̧��H>h�̂[þt_� î̈
ç�Hs�1pq (500��s�%7�)

ÕªaË> 14:ÅÒ Qm�ë�H]jz�́+«>���õ�\�@/ô�Ç TPQEAü< QEA_�$í
0pxq��§: z�́+«>\���6 x�)a����Bj'�_�
[O�&ñ
�Ér ³ð Vü< °ú ��. éß�, þj7áx 7áx«Ñ �̧|	�õ���H Áº�'a
�>� 1,500[j@/ ��t�_� ���õ�\�¦ �̧r�
�%i���.
Ãºf��»¡¤�Ér ÅÒ Qm�\� {��|�� ��s�%7�[þt_� s�1pq °ú̀�כ¦ ����?/�¦, Ãºî̈
»¡¤�Ér [j@/Ãº\�¦ _�p�ô�Ç��. �̧��H
z�́+«>�Ér 30��� Ãº'��÷&%3���. (a), (c), (e)��H 30��� z�́+«>\� @/ô�Ç î̈
ç�H þj�©� s�1pq(mean best profits)̀�¦
����?/�¦, (b), (d), (f)��H 30��� z�́+«>\� @/ô�Ç �̧��H >h�̂[þt_� î̈
ç�H s�1pq(mean average profits)̀�¦
�����·p��.
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³ð VII: Ãºu�þj&h��oz�́+«>�̀¦0Aô�Ç TPQEAü< QEA_�����Bj'�[O�&ñ
: ‘-’ ³ðr���HK�{©�����Bj'���H��
6 x÷&t�·ú§6£§�̀¦_�p�ô�Ç��.

QEA TPQEA
1éß�>� 2éß�>�

8úx>h�̂Ãº(population size) 15 15
Q-q�àÔ>h�̂_��'a8£¤�rÃº 3 3

t�%i�ÕªÒ�̈ß¼l�(local-group size) 3 3
Hε>�s�àÔ_� ε 0.01 0.01

���%i�s�ÅÒÅÒl�: Tg 100 - 100
7áx«Ñ �̧|	� MAX GEN γ = 0.9 of (10) MAX GEN

(11)_�þj�èSX�Ò�¦: δ - 0.05 -

�ÃÐÒ�o/BNçß��Ér −500.0 ≤ xi ≤ 500.0, N = 30s���. x = (−420.9687,−420.9687, · · · ,−420.9687)\�

"f���%i�þj�è°úכ 0.0�̀¦°ú���H��.

Rosenbrock function:

f(x) =
N−1∑

i=1

(
100(xi+1 − x2

i )
2 + (xi − 1)2

)
(18)

�ÃÐÒ�o/BNçß��Ér −30.0 ≤ xi ≤ 30.0, N = 30s���. x = (1, 1, · · · , 1)\�"f���%i�þj�è°úכ 0.0�̀¦°ú���H��.

0A_� 5��t��<ÊÃº��H �̧¿º 30>h_����Ãº\�¦°ú���H�©�{©�y�4�¤ú̧�ô�Ç�<ÊÃº[þts���.@/ÂÒì�r_��<ÊÃº[þt�Ér

ú́§�Ér²DGÂÒþj�è&h��̀¦°ú��¦e����.y���<ÊÃº\�@/ô�Ç��[jô�Ç?/6 x�ÉrÂÒ2�¤ B\�"fl�Õütô�Ç��.

z�́+«>\�"f��6 xô�Ç TPQEAü< QEA_�����Bj'�[O�&ñ
�Ér³ð VIIõ�°ú ��.ë�H]j (14)-(18)\�@/K�s�

��� �ïç̀
�̀¦ 0Aô�Ç Û¼àÔa�A_� U�́s���H y�� ���Ãº_� þj�è K��©��̧�� 10−4 s�
��� ÷&�̧2�¤ ���Ãº{©� 22, 20,

17, 23, 20q�àÔ�Ð y��y�� [O�&ñ

�%i���. Ãºu� þj&h��o\�"f a%~�Ér $í
0px�̀¦ �Ðs���H EPü<_� q��§\�¦ 0AK�,

1lx{9�ô�Çë�H]j\�¦��ÀÒ�¦e����H�ÃÐ�¦�7Hë�H[29]Ü¼�ÐÂÒ'�¿º��t� EP~½ÓZO�_�z�́+«>���õ�\�¦���6 x
�%i���.

'Í	���P:��Hl��:r EP(SEP: standard EP)\�¦s�6 xô�Ç���õ�s��¦,¿º���P:��H fine-grained#î
§>=����o·ú��¦o�

7£§(PEP)̀�¦s�6 xô�Ç���õ�s���.¿º~½ÓZO� �̧¿º 64>h_�>h�̂\�¦��6 x
�%i���.:£¤y�, PEP��Hz�́]jÃº(�(��ÉÓ

'� CrayT3E_� 64>háÔ�Ð[j"f\�¦s�6 x
�#�z�́+«>ô�Ç���õ�s���. TPQEA, QEA, SEP, PEPçß�_�/BN&ñ
ô�Ç

q��§\�¦0AK�,���6 xô�Ç�7Hë�H\�"f[O�&ñ
ô�Ç7áx«Ñ �̧|	�MAX GEN�̀¦Õª@/�Ðs�6 x
�%i���.

³ð VIII�Ér TPQEA, QEA, PEP, SEP\�@/ô�Ç 5��t�Ãºu�þj&h��o�<ÊÃº (14)-(18)_�z�́+«>���õ�s���.

q��§&h�éß�í�Hô�Ç fSphereü< fAckley �<ÊÃº_��â
Äº, PEP_����õ������çß�a%~��¤t�ëß�, 4��t�~½ÓZO�_����õ���

��_�Ä»��
���.
�t�ëß�,4�¤ú̧�ô�Çë�H]j��� fRastrigin, fSchwefel, fRosenbrock �<ÊÃº_��â
Äº,>h�̂Ãº��&h�
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EP QEAs
SEP PEP QEA TPQEA
(64) (64) (15, 3) (15, 3)

b. 0.000002 0.000000 0.000403 0.000453
m. 0.003784 0.000510 0.001097 0.001351

fSphere w. 0.075371 0.143013 0.002159 0.002807
σ - - 0.000505 0.000705

MAX GEN 2000 2000 2000 2000

b. 0.0090 0.0003 0.0142 0.0123
m. 0.5366 0.0602 0.8226 0.4993

fAckley w. 1.3404 2.0134 2.5325 2.3184
σ - - 0.9210 0.7939

MAX GEN 1500 1500 1500 1500

b. 19.90 16.92 17.22 9.08× 10−6

m. 28.29 28.92 27.40 4.93
fRastrigin w. 44.84 50.93 41.73 21.43

σ - - 7.348 5.173
MAX GEN 5000 5000 5000 5000

b. 226.60 434.37 35.68 1.09
m. 868.56 667.59 204.88 63.40

fSchwefel w. 1304.00 1318.17 452.22 154.27
σ - - 97.200 50.718

MAX GEN 9000 9000 9000 9000

b. 16.3 12.2 27.9 27.1
m. 346.2 147.30 110.4 85.3

fRosenbrock w. 1393.7 9520.3 550.1 405.1
σ - - 152.6 93.0

MAX GEN 20000 20000 20000 20000

³ð VIII: Ãºu�þj&h��o�<ÊÃº (14)-(18)_�z�́+«>���õ�: EP_����õ���H [29]�ÐÂÒ'����6 x÷&%3���.:£¤y�, PEP
��Hz�́]jÃº(�(��ÉÓ'� CrayT3E_� 64>háÔ�Ð[j"f\�¦s�6 xô�Çz�́+«>�̀¦:�xK�%3�#Q������õ�s���.y��z�́+«>�Ér
20���m��Ãº'��÷&%3��¦,F�c ñîß�_�Õüw����H��6 x�)a8úx>h�̂ç�Hß¼l�(population size)\�¦_�p�ô�Ç��. TPQEA
ü< QEA_� (15, 3)�Ér8úx>h�̂ç�Hß¼l�(population size) 15,�'a8£¤�rÃº 3�r\�¦_�p�ô�Ç��. b., m., w.��Hy��
y�� best, mean, worst\�¦_�p�
��¦, σü<MAX GEN�Éry��y�� 20���z�́+«>���õ�_�³ðï�r¼#�	�ü<7áx«Ñ[j
@/Ãºs���. ‘-’�Ér���6 xô�Ç���õ�\�"fÅÒ#Qt�t�·ú§�Ér°úכs���.
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6£§\��̧Ô�¦½̈
��¦ TPQEAü< QEA_����õ��� SEPü< PEP_����õ��Ð��ÄºÃºô�Ç�.����SX����½+ÉÃºe¦̀�	כ

:£¤y�, fSchwefelõ� fRosenbrock �<ÊÃº_��â
Äº, ‘b.’ü< ‘w.’_����õ���H TPQEAü< QEA�� PEPx9� SEP�Ð��

y©����(robust)ô�Ç$í
0px�̀¦�Ð�������H��z�́�̀¦�Ð#�ï�r��.

TPQEAü< QEA_����õ�ëß��̀¦q��§K��Ð���, �̧��H���\�e��#Q"f TPQEA�� QEA�Ð��ÄºÃºô�Ç$í
0px

�̀¦�Ðs��¦e��6£§�̀¦SX����½+ÉÃºe����.:£¤y�,³ðï�r¼#�	����õ���H TPQEA�� QEA�Ð��y©����$í
s�ÄºÃº�<Ê

�̀¦ ú́�K�ï�r��.s���Ér	כ TPQEA_� 1éß�>� QEA��_�p�e����H�íl� Q-q�àÔ°ú¹1¦̀�כÔ�� 2éß�>� QEA�Ð]j

/BN½+ÉÃºe��6£§�̀¦_�p�ô�Ç��.

Ãºu�þj&h��oz�́+«>���õ���H TPQEAx9� QEA�� �̧½+Ëþj&h��o��HÓüt�:rÃºu�þj&h��oë�H]j\��̧&h�6 x

s���0px
�����H��z�́�̀¦{9�7£xK�ÅÒ�¦e����.

V.����:r

�:r�7Hë�H\�"f��Hþj��HÄºÃºô�Ç$í
0px�̀¦�Ðs��¦e����H�ª�������o·ú��¦o�7£§(QEA)̀�¦ �̂>�&h�Ü¼�Ð&ñ


o�
��¦, QEA_�$í
0px�̀¦�Ð���¾Ó�©�r�~�́Ãºe����H·ú��¦o�7£§ ½̈�̧\�¦]jîß�ô�Ç��.Dh�Ðî�r'���̧(measure)���

î̈
ç�H q�àÔ Ãº§4��̧_� &ñ
_�\�¦ :�xK� "î
SX�ô�Ç 7áx«Ñ �̧|	��̀¦ ]jr�
��¦, QEA_� Dh�Ðî�r ���íß������ Hε >�

s�àÔ\�¦ &ñ
_�
�#� ú́§�Ér ²DGÂÒ K�\�¦ °ú���H ë�H]j\� @/K�"f�̧ ò́Ö�¦&h���� �ÃÐÒ�os� ��0px
��̧2�¤ ]jîß�ô�Ç��.

¢̧ô�Ç,�íl� Q-q�àÔ °úכ_� [O�&ñ
s� �íl� �ÃÐÒ�o /BNçß�õ� x9�]X�ô�Ç �'a>��� e��6£§�̀¦ µ1ßy��¦,s�\�¦ s�6 x
�#�

QEA_�$í
0px�̀¦�¾Ó�©�r�~�́Ãºe����HDh�Ðî�r ½̈�̧��� 2�©��ª�������o·ú��¦o�7£§(TPQEA)̀�¦]jîß�ô�Ç��.���

5Åq�)a 5-q�àÔàÔêÁ�ë�H]j_�z�́+«>���õ���H TPQEA�� QEA\�q�K����%i��ÃÐÒ�o0px§4�s���1lx���_�y©����$í
,

Ãº§4�5Åq�̧���\�e��#Q"f�Z41pxy�ÄºÃº�<Ê�̀¦�Ð#�ÅÒ%3���.

�̧½+Ë þj&h��o ë�H]j��� ÅÒ Qm� ë�H]j_� z�́+«> ���õ�\�"f TPQEA��H �̧��H ���\�"f QEA�Ð�� ÄºÃºô�Ç

$í
0px�̀¦ �Ðs��¦ e��6£§�̀¦ SX����
�%i���.:£¤y�,Ãº§4� 5Åq�̧���\� e��#Q"f��H ��� 1.8C�\�"f þj@/ 4.0C���t�

��ØÔ����H��z�́�̀¦SX����
�%i���. ¢̧ô�Ç,Ãºu�þj&h��oë�H]j\�@/ô�Çz�́+«> ���õ�\�¦:�xK� TPQEAx9� QEA

�� �̧½+Ëþj&h��oë�H]j÷�rëß���m���Ãºu�þj&h��oë�H]j\��̧&h�6 xs���0px
� 9,s����Û¼àÔa�A�̀¦��6 x�<Ê

\��̧Ô�¦½̈
��¦ÄºÃºô�Ç$í
0px�̀¦�Ð�������H��z�́�̀¦{9�7£x
�%i���.:£¤y�,Ãº(�(��ÉÓ'� CrayT3E_� 64>háÔ

�Ð[j"f\�¦��6 xô�Ç#î
§>=����o·ú��¦o�7£§(PEP)_�z�́+«>���õ��Ð�� TPQEAü< QEA���8ÄºÃºô�Ç���õ�\�¦

�Ð#�ÅÒ%3��¦, �̧��H���\�e��#Q"f TPQEA�� QEA�Ð��ÄºÃºô�Ç$í
0px�̀¦�Ð#�ÅÒ%3���.

28



þj��H_� QEA\�@/ô�Ç���½̈���õ�[8]ü<�:r�7Hë�H_����õ�\�¦:�xK�,z�́]j�Ð��6 x÷&�¦e����Hl��>r_����

�o ·ú��¦o�7£§�̀¦ TPQEA�Ð @/�̂
�%i��̀¦ �â
Äº,Ãº C�\�"f Ãº z��C���t� $í
0px �¾Ó�©��̀¦ ��4R�̀¦ Ãº e��6£§

�̀¦·ú�Ãºe����.:£¤y�,Ãº§4�5Åq�̧���\�"f��H ú́§�Ér$í
0px�¾Ó�©��̀¦s�Ò�¦Ãºe���̀¦��s���.�&³F�����o·ú��¦o	כ

7£§s� ú́§s���6 x÷&�¦e����HìøÍ�̧�̂�r�Ð[O�>�_�þj&h��oë�H]j,y��7áx CADÚ�¦_���1lxÂÒ¾¡§C�u�x9���

1lx��Äºh�Al�ZO�1px�̀¦�í�<Ê
���H��1lxþj&h��oë�H]j,y��7áx/BN���l�>�_����\O�í�H"fþj&h��oë�H]j1px��

�ª�ô�Çþj&h��oì�r��\�&h�6 xs���0px
���.7£¤,����o·ú��¦o�7£§�̀¦s�6 x
�#�[O�>��)aþj&h��oÚ�¦_��ï#Q��H

TPQEA�Ð@/�̂����0px
� 9,s�M:�&³$�ô�Ç$í
0px�¾Ó�©��̀¦l�@/½+ÉÃºe����.
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ÂÒ2�¤ A.ÅÒ Qm�ë�H]j (Knapsack problem)

ÅÒ Qm�ë�H]j��H �̧½+Ëþj&h��o(combinatorial optimization)_�@/³ð&h����ë�H]j�Ð NP-hardÂÒÀÓ\�5Åq

ô�Ç��[28].ÅÒ Qm�ë�H]j��H��6£§õ�°ú s�l�Õüt½+ÉÃºe����:ÅÒ#Q��� ú́§�Ér��s�%7�×�æ\�"fÅÒ Qm�_�Áº>�

6 x|¾Ó�̀¦�íõ�
�t�·ú§��H#3�0A?/\�"f���©�s�1pq°úכs�ß¼�̧2�¤{9�ÂÒ��s�%7��̀¦���×þ�
���Hë�H]js���.s�

M:,��s�%7�[þt�Éry��y��Áº>�ü<s�1pq°úכs���ØÔ��.

Ãºd��Ü¼�Ð&ñ
o�
����, m>h_���s�%7�õ�
���_�ÅÒ Qm�\�@/K�s�1pq f(x):

f(x) =
m∑

i=1

pixi

\�¦þj@/�Ð
���H��s�%7�_�ÂÒì�r|9�½+Ë�̀¦���×þ�
���Hë�H]js���.s�M:���×þ��)a��s�%7�[þt_�Áº>�_�8úx½+Ë

�ÉrÅÒ Qm�_�6 x|¾Ó C\�¦�Å�t�·ú§����ô�Ç��:

m∑

i=1

wixi ≤ C.

#�l�"f, x = (x1 · · ·xm)s��¦, xi��H 0 ¢̧��H 1, pi��H i���P:��s�%7�_�s�1pq, wi��H i���P:��s�%7�_�Áº>�

\�¦�����·p��.ëß���� xi = 1s����, i���P:��s�%7�s����×þ��)a�.���s	כ

�:r�7Hë�H\�"f��Hy����s�%7�[þt_�s�1pqõ�Áº>�\�¦��6£§õ�°ú s�y©�ô�Ç����'a$í
(strongly correlated)̀�¦

°ú��̧2�¤[O�&ñ

�%i���:

wi = uniformly random[1, v]
pi = wi + r.

�:rë�H_�z�́+«>\�"f��H v = 10, r = 5�Ð[O�&ñ

�%i���.

ÅÒ Qm�_�Áº>�6 x|¾Ó C��H��6£§õ�°ú s� 2��t�_�+þAI�\�¦�¦�9½+ÉÃºe����[7].

i) î̈
ç�HÅÒ Qm�6 x|¾Ó(average knapsack capacity)�Ér �̧��H��s�%7�[þt_�Áº>�_� î̈
ç�H�̀¦s�6 x
�#���6£§

õ�°ú s� ½̈ô�Ç��:

C =
1
2

m∑

i=1

wi.

ii) ô�Ç&ñ
&h� ÅÒ Qm� 6 x|¾Ó(restrictive knapsack capacity)�Ér 
���_� ��s�%7�_� þj@/ Áº>� v\�¦ s�6 x
�#�

��6£§õ�°ú s� ½̈ô�Ç��:

C = 2v.
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(c) Rastrigin�<ÊÃº
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(d) Schwefel�<ÊÃº
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(e) Rosenbrock�<ÊÃº

ÕªaË> 15:Ãºu�þj&h��o�<ÊÃº (14)-(18)_�>h|ÄÌ&h� �̧�ª�:z�́]j�<ÊÃº��H 30>h_����Ãº\�¦°ú�t�ëß�,>h|ÄÌ&h����
�̧�ª��̀¦�'a¹1Ï
�l�0AK����Ãº�� 2>h{9��â
Äº\�¦ �̧r�
�%i���.

ÂÒ2�¤ B.Ãºu�þj&h��oë�H]j (Numerical optimization problems)

SphereÁþ�ÊÁ: ����o���íß�_�Ãº§4�$í
�̀¦ î̈
��
�l�0AK��¦îß�÷&%3���.����o���íß�_��ÃÐ��(exploration):£¤

$í
�Ð��>h'��(exploitation):£¤$í
_� î̈
��\�q�×�æ�̀¦é�Hë�H]js���.

AckleyÁþ�ÊÁ: �<ÊÃº_�¿º���P:t�Ãº�<ÊÃº������Ér4�xÄºo�ü<Y�J�̀¦ëß�[þt#Q"f ú́§�Ér²DGÂÒþj�è&h��̀¦+þA$í


ô�Ç��.

Rastrigin Áþ�ÊÁ: Ackley�<ÊÃº�Ð���8U�·�Ér4�xÄºo�ü<Y�J��l�\�¦��t���H�<ÊÃº�Ð,²DGÂÒþj�è&h��̀¦��4R

���̧��H:£¤$í
�̀¦ î̈
��
�l�0AK�]jîß��)a�<ÊÃºs���.

SchwefelÁþ�ÊÁ: �©�{©�y� 	�H 4�xÄºo�ü< Y�J��l�\�¦ ��t��¦ e����. ¢̧ô�Ç,���%i� þj�è&h�õ� ���©� ����Ér ²DGÂÒ

þj�è&h�çß�_���o����©�{©�y�YO�o�b��#Q4Re��#Q~1�>�²DGÂÒþj�è&h�\���|9�Ãºe����.

RosenbrockÁþ�ÊÁ: xi+1 = x2
i , xi = 1��� &h�\�"f ���%i� þj�è&h�s� ����èß���.
�t�ëß�,���%i� þj�è&h��̀¦

s�ã¼��H xi+1 = x2
i&h�s� ¢̧ô�Ç²DGÂÒþj�è&h��̀¦s�
�H��.���Ãº[þts�Y�LÜ¼�ÐÓü�#�e��l�M:ë�H\�#î
§>=����o

���íß��̀¦��6 xK��̧$í
0pxs�a%~��t�t�·ú§��H���¦·ú��94Re����.
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