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Quantum-Inspired Evolutionary Algorithm for a
Class of Combinatorial Optimization

Kuk-Hyun Han and Jong-Hwan Kim

Abstract—This paper proposes a novel evolutionary algorithm EAs are characterized by the representation of the individual,
inspired by quantum computing, called a quantum-inspired evolu-  the evaluation function representing the fitness level of the in-
tionary algorithm (QEA), which is based on the concept and prin-  giviquals, and the population dynamics such as population size,

ciples of quantum computing, such as a quantum bit and super- iati ¢ t selecti ducti d inheri
position of states. Like other evolutionary algorithms, QEA is also variation operators, parent selection, reproduction and inheri-

characterized by the representation of the individual, the evalu- tance, survival competition method, etc. To have a good bal-
ation function, and the population dynamics. However, instead of ance between exploration and exploitation, those components

binary, numeric, or symbolic representation, QEA uses a Q-bit, de- should be designed properly. In particular, in this paper the rep-
fined as the smallest unit of information, for the probabilistic rep-  agantation and variation operators are investigated to represent

resentation and a Q-bit individual as a string of Q-bits. A Q-gate is L . !
introduced as a variation operator to drive the individuals toward the individuals effectively to explore the search space with the

better solutions. To demonstrate its effectiveness and applicability, Small number of individuals (even with only one individual for
experiments are carried out on the knapsack problem, which is a real-time application) and to exploit the global solution in the

well-known combinatorial optimization problem. The results show search space within a short span of time, respectively. For these

that QEA performs well, even with a small populati.on,without.pre- purposes, some concepts of quantum computing are adopted in
mature convergence as compared to the conventional genetic algo- . .
the proposed evolutionary algorithm.

rithm.
Index Terms—Evolutionary algorithm, knapsack problem, Quantum mechanica.l C.omputers were proposgd in the early
probabilistic representation, quantum computing. 1980s [7] and the description of quantum mechanical computers
was formalized in the late 1980s [8]. Many efforts on quantum
computers have progressed actively since the early 1990s be-
|. INTRODUCTION cause these computers were shown to be more powerful than
VOLUTIONARY algorithms (EAs) are principally a sto- classical computers on various specialized problems. There are
chastic search and optimization method based on the privell-known quantum algorithms such as Shor’s quantum fac-
ciples of natural biological evolution. Compared to traditiondPring algorithm [9], [10] and Grover’s database search algo-
optimization methods, such as calculus-based and enumeratitigm [11], [12]. Research on merging evolutionary computing
strategies, EAs are robust, global, and may be applied generaiid quantum computing has been started since late 1990s. They
without recourse to domain-specific heuristics, although perfg#an be classified into two fields. One concentrates on generating
mance is affected by these heuristics. The three main-stre@@w quantum algorithms using automatic programming tech-
methods of evolutionary computation which have been estaliques such as genetic programming [13]. The other concen-
lished over the past 45 years are genetic algorithms (GAs) deates on quantum-inspired evolutionary computing for a clas-
veloped by Fraser [1], Bremermann [2], and Holland [3], evolisical computer, a branch of study on evolutionary computing
tionary programming (EP) developed by Fogel [4], and evolihatis characterized by certain principles of quantum mechanics
tion strategies (ES) developed by Rechenberg [5] and Schwefeth as standing waves, interference, coherence, etc. In [14] and
[6]. [15], the concept of interference was included in a crossover op-
EAs operate on a population of potential solutions, applyirgjator.
the principle of survival of the fittest to produce successively This paper proposes a novel evolutionary algorithm, called
better approximations to a solution. At each generation of thequantum-inspired evolutionary algorithm (QEA), which is
EA, a new set of approximations is created by the processhzEsed on the concept and principles of quantum computing such
selecting individuals according to their level of fithess in thas a quantum bit and superposition of states. Like the EAs, QEA
problem domain and reproducing them using variation opelia-also characterized by the representation of the individual, the
tors. This process may lead to the evolution of populations efaluation function, and the population dynamics. However,
individuals that are better suited to their environment than the iimstead of binary, numeric, or symbolic representation, QEA
dividuals from which they were created, just as in natural adapses a Q-bit as a probabilistic representation, defined as the
tation. smallest unit of information. A Q-bit individual is defined by a
string of Q-bits. The Q-bit individual has the advantage that it
Manuscript received April 11, 2000; revised April 5, 2002 and June 24, 20082N represent a linear superposition of states (binary solutions)
The authors are with the Department of Electrical Engineering and Computarsearch space probabilistically. Thus, the Q-bit representation
Science, Korea Advanced Institute of Science and Technology (KNSTﬁ)":lS a better characteristic of population diversity than other
Guseong-dong, Yuseong-gu, Daejeon, 305-701, Republic of Korea (e-mail: . . . A
khhan@vivaldi kaist.ac.kr; johkim@vivaldi.kaist.ac.kr). representations. A Q-gate is also defined as a variation operator
Digital Object Identifier 10.1109/TEVC.2002.804320 of QEA to drive the individuals toward better solutions and
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eventually toward a single state. Initially, QEA can represenbncept of qubits, and a Q-bit individual as a string of Q-bits,
diverse individuals probabilistically because a Q-bit individuathich are defined below.

represents the linear superposition of all possible states with théefinition 1: A Q-bitis defined as the smallest unit of infor-
same probability. As the probability of each Q-bit approachesation in QEA, which is defined with a pair of numbétrs, 3)
either 1 or 0 by the Q-gate, the Q-bit individual converges toas

single state and the diversity property disappears gradually. By o

this inherent mechanism, QEA can treat the balance between {/3]

exploration and exploitation. It should be noted that although

QEA is based on the concept of quantum computing, QEAvghere|«|? + |3|? = 1. |a|? gives the probability that the Q-bit
not a quantum algorithm, but a novel evolutionary algorithwill be found in the “0” state an{j3|? gives the probability that
for a classical computer [16], [17]. To demonstrate its perfothe Q-bit will be found in the “1” state.

mance, experiments are carried out on the knapsack problemA Q-bit may be in the “1” state, in the “0” state, or in a linear
The results show that QEA performs well—even with a smaduperposition of the two.

population—without premature convergence as compared tdDefinition 2: A Q-bit individual as a string ofn Q-bits is

the conventional genetic algorithm. defined as
This paper is organized as follows. Section Il describes QEA.
. . . . a1 | o [079%%
Section Il presents an application example with QEAs and con- [[3 Bl |8 } ©))
ventional GAs for knapsack problems, and summarizes the ex- L2 m
perimental results. Section IV analyzes the characteristicsmere|ai|2 +16P=1,i=1,2,..., m.
QEA. Concluding remarks follow in Section V. Q-bit representation has the advantage that it is able to rep-
resent a linear superposition of states. If there is, for instance, a
Il. QEA three-Q-bit system with three pairs of amplitudes such as
Before describing QEA, the basics of quantum computing are 1oLyt
addressed briefly in the following. The smallest unit of informa- [‘/f ‘/51 2 ] (4)
tion stored in a two-state quantum computer is called a quantum R @

b|t_or qubit [18]. A q_u_blt may be in the *1” state, in the 0_ State"[hen the states of the system can be represented as
or in any superposition of the two. The state of a qubit can be

represented as 1 3 3
P Z|000> + §|001> — 1lo10) — %mn)

|T) = o]0) + 1) 0 , 3 X 3 i

wherea andg are complex numbers that specify the probability +4|100> + 4 [101) 4|110> 4 1) ()

amplitudes of the corresponding statgs|” gives the proba- The ahove result means that the probabilities to represent the

bility that the qubit will be found in the “0” state anjd|? gives stateg000), |001), [010), [011), [100), |101), |110), and|111)

the probability that the qubit will be found in the “1” state. Nor—e 1/16, 3/16, 1/16, 3/16, 1/16, 3/16, 1/16, and 3/16, respec-

malization of the state to unity guarantees tively. By consequence, the three-Q-bit system of (4) contains

laf? + |82 = 1. @) the information of eight_states_. _ _

Evolutionary computing with Q-bit representation has a

The state of a qubit can be changed by the operation wittbetter characteristic of population diversity than other repre-

guantum gate. A quantum gate is a reversible gate and cansbetations, since it can represent linear superposition of states

represented as a unitary operatdracting on the qubit basis probabilistically. Only one Q-bit individual such as (4) is

states satisfying TU = UU', whereUt is the hermitian adjoint enough to represent eight states, but in binary representation

of U. There are several quantum gates, such asitiregate, at least eight strings, (000), (001), (010), (011), (100), (101),

controlledNOT gate, rotation gate, Hadamard gate, etc. [18]. (110), and (111) are needed.

there is a system of, qubits, the system can represefitstates

at the same time. However, in the act of observing a quanuﬁn QEA

state, it collapses to a single state. The structure of QEA is described in the following.

Inspired by the concept of quantum computing, QEA is de-
signed with a novel Q-bit representation, a Q-gate as a variatiefocedure QEA
operator, and an observation process. We present the represegin

tation and the proposed algorithm in the following. t—0
. i) initialize Q(t)
A. Representation ii) make  P(¢) by observing the states of Q)
A number of different representations can be used to encdile  evaluate P(t)
the solutions onto individuals in evolutionary computation. Thig) store the best solutions among P(t) into
representations can be classified broadly as: binary, numeric, B(t)
and symbolic [19]. QEA uses a new representation, called a while  (not termination-condition) do

Q-bit, for the probabilistic representation that is based on the begin
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te—t+1 where X, is the kth state represented by the binary string
) make P(t) by observing the states of (122 - Tm), Wherex;, i = 1,2, ..., m, is either 0 or 1 ac-
Qt-1) cording to the probability of eithgrf|? or |3?|2, respectively.
vi) evaluate P(t) i) This step makes binary solutionsi(0) by observing the
vii) update  Q(t) using Q-gates states of(0), whereP(0) = {x{, x9, ..., x%} at generation
viii) store the best solutions among B(t—1) t = 0. One binary solutionx(},j =1,2,...,n,is abinary

and P(t) into B(t)
ix) store the best solution
X) if ~ (migration-condition)
then migrate b or b} to B(t) globally
or locally, respectively
end

string of lengthm, which is formed by selecting either 0 or
1 for each bit using the probability, either?|? or |3?|2, i =
1,2,..., m,of q?», respectively. In a quantum computer, in the
act of observing a quantum state, it collapses to a single state.
However, collapsing into a single state does not occur in QEA,
since QEA is working on a classical computer, not a quantum
computer.

iii) Each binary solutiorx(} is evaluated to give a level of its

, I . o . fitness.
QEA s a probabilistic algorithm similar to other evolutionary iv) The initial best solutions are then selected among the

algorithms. QEA, however, maintains a population of Q-bit i”ﬁinary solutions,P(0), and stored inta3(0), where B(0) =

b among B(t)

end

dividuals,Q(t) = {ai, @, -- ., q;,} at generatiort, wheren {bY, b, ..., b}, andb!(=b’|;—o) is the same ag! at the
is the size of population, amp§ is a Q-bit individual defined as itig| generation.
. . . v, vi) In thewhile loop, binary solutions iP(t) are formed
q = [%’1 @ja Yjm ] ) by observing the states 6f(t—1) as in step i), and each binary
! Biy | By . solution is evaluated for the fitness value. It should be noted that

. o _ x! in P(t) can be formed by multiple observationsagf " in
wherem is the number of Q-bits, i.e., the string length of they(; — 1). In this casex’; should be replaced by, , wherel is
Q-bitindividual, andj = 1, 2, ..., n. Fig. 1 shows the overall g3n gbservation index.

structure of QEA. The procedure of QEA is described as fol- vij) In this step, Q-bit individuals iMQ(t) are updated by ap-

lows. S plying Q-gates defined below.
i) In the step of “initialize Q(t),” o) and 87, i = Definition 3: A Q-gateis defined as a variation operator of
1,2,...,m, of al @) = d}li=0, j = 1,2,...,n, are QEA, by which operation the updated Q-bit should satisfy the

initialized with 1/4/2. It means that one Q-bit individuady)

normalization conditionle’|> 4 |3'|> = 1, wherea’ and’ are

represents the linear superposition of all possible states witfe values of the updated Q-bit.

the same probability

om

‘\Dq?> => \/;T | Xk) (1)

k=1

The following rotation gate is used as a Q-gate in QEA, such
as
cos(Ad;) —sin(A6;)
UAG) = | (8)
sin(A#;) cos(Ab;)
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whereA#d;,i = 1, 2, ..., m, is a rotation angle of each Q-bitA. QEA for the Knapsack Problem

toward either 0 or 1 state depending on its sigy#; should

be designed in compliance with the application problem. In thg

knapsack problem, presented in Section I1124;
as a function of theth bit of the best solutiorbj and thesth

QEA for the knapsack problem consists of a basic structure
" X QEA and a repair process to satisfy the capacity constraint.
is obtained Tha 4g0rithm can be written as follows.

bit of the binary solutiorx’. It should be noted thatot gate, Procedure QEA for the Knapsack Problem
controlledNoT gate, or Hadamard gate can be used as a Q-gdtegin

NOT gate changes the probability of the 1 (or 0) state to that ¢ — 0

of the O (or 1) state. It can be used to escape a local optimum. initialize Q1)

In controlledNOT gate, one of the two bits should be a control

bit. If the control bit is 1, theNOT operation is applied to the

other bit. It can be used for the problems which have a large
dependency of two bits. The Hadamard gate is suitable for the
algorithms which use the phase information of Q-bit, as well as

the amplitude information.

viii, ix) The best solutions among (¢ — 1) and P(t) are
selected and stored int®(¢), and if the best solution stored in
B(t) is fitter than the stored best solutidn the stored solution
b is replaced by the new one.

x) If a migration condition is satisfied, the best solutioris

migrated toB(¢), or the best one among some of the solutions
in B(t) is migrated to them. The migration condition is a design
parameter, and the migration process defined below can induce

a variation of the probabilities of a Q-bit individual.

Definition 4: A migrationin QEA is defined as the process
of copyingb’, in B(t) orb to B(t). A global migrationis imple-
mented by replacing all the solutions B(¢) by b, and alocal

migrationis implemented by replacing some of the solutions in

B(t) by the best one of them.

make P(t) by observing the states of
Q(t)
repair  P(t)
evaluate  P(t)
store the best solutions among P(t)
into  B(?)
while (¢t < MAX_GEN) do
begin
t—t+1
make P(t) by observing the states of
Qt—1)
repair  P(t)
evaluate  P(¢)
update Q(¥)
store the best solutions among
and P(¢) into B(¢)
store the best solution
if  (migration-period)
then migrate b or b} to B(t) globally
or locally, respectively

B(t—1)

b among B(t)

The binary solutions iiP(t) are discarded at the end of the  end
loop becausé’(t + 1) will be produced by observing the up-end
datedQ(¢) in step vii). Until the termination condition is satis-
fied, QEA is running in thevhile loop. A Q-bit individual of lengthm represents a linear superpo-
sition of solutions to the problem. The length of the Q-bit in-
dividual is the same as the number of items. The initialization
step is the same as that of the basic structure of QEA in Sec-

In this section, we present the detailed algorithm of QEA fdion II-B. The ith item can be selected for the knapsack with a
the knapsack problem. The knapsack problem is consideregtobability of |3;|? or (1 — |«;|?). For every bit in the binary
demonstrate the applicability of QEA to the combinatorial ogstringx®, j = 1, 2, ..., n, in P(t), arandom number is gen-
timization problem. For the purpose of comparison, three typegated from the rang® - - - 1]; if » < |3;|?, the bit of the binary
of GA method are described briefly. The knapsack problem cafting is set to 1. Thus, a binary string of lengthis formed
be described as selecting from among various items those itefnesn the Q-bit individual, which represents a solution observed
that are most profitable, given that the knapsack has limited deem the jth Q-bit individual. For notational simplicitys and
pacity. The 0—1 knapsack problem is described as follows. Givgrare used instead ofﬁ andq§, respectively. To obtain the bi-

a set ofm items and a knapsack, select a subset of the itemsn@ry stringx, the step of fnake P(t) by observing the states of
maximize the profitf (x) Q(t)" can be implemented for each Q-bit individual as follows.

I1l. A PPLICATION EXAMPLE

Procedure Make (x)

f6) =Y pis
=1

begin
, i — 0
subject to while (i < m) do
begin
i—i+1

m
Z w;T; S C . 2
P if  random|0, 1) < |3i|*
then z; «< 1
wherex = (x1 « - - z,), x; is 0 Or 1,p; is the profit of itemi, w; else
is the weight of iteni, andC is the capacity of the knapsack. If end
x; = 1, thesth item is selected for the knapsack. end

,7’,1‘%0
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When the binary string violates the capacity constraint, the 1

following repair algorithm is employed. A
1
T~ (@, B
Procedure Repair (x) // \( B
N\,
begin / N (., B,)
knapsack-overfilled — false / AG w7
it >, wie >C . / \\‘
then knapsack-overfilled «— true } : » 0
while  (knapsack-overfilled) do -1 0 / 1
begin \ /
select an  ith item from the knapsack \\ //
z; — 0 \\\ ///
if Y, wiw; < C S~ |7
then knapsack-overfilled «— false -1
end Fig. 2. Polar plot of the rotation gate for Q-bit individuals.
while  (not knapsack-overfilled) do
begin o TABLE |
select a  jth item from the knapsack LOOKUP TABLE OF A#,;, WHERE f(-) IS THE PROFIT, AND b; AND «; ARE THE
x; — 1 ¢TH BITS OF THE BEST SOLUTION b AND THE BINARY SOLUTION x,
it S wie > C RESPECTIVELY. IN THE KNAPSACK PROBLEM, 6; = 0,8, = 0,603 = 0.01,
i=1 e ) 0, =0,05 = —0.017w,66 = 0,6; = 0,65 = 0 WEREUSED
then knapsack-overfilled «— true
end zi | bi | F(x) > f(b) | AG
z; «— 0
end 010 false 0,
010 true 0
Theupdate procedure of Q-bits is presented in the following. 011 false 05
011 true 0,
Procedure Update (q) 110 false B
beglr'1 110 true O
1 +— 0
while (i < m) do 111 false b7
begin 111 true Os
71— i+1
determine  A#; with the lookup table
obtain  («}, 3i) from the following: i) if the Q-bit is located in the first or the third quadrant in
if (q is located in the first/third Fig. 2,05, the value ofAf; is set to a positive value to
quadrant) increase the probability of the stdte;
then [of 8] = U(A8)[ai 3i]" ii) if the Q-bitis located in the second or the fourth quadrant,
else [of 3" = U(—A8)]a: 3" —603 should be used to increase the probability of the state
end [1).
q—d If z; andb; are 1 and 0, respectively, and if the conditjfix) >
end f(b) is false:
i) if the Q-bit is located in the first or the third quadrafy,
A rotation gatel/ (Af;) is employed to update a Q-bit indi- is set to a negative value to increase the probability of the
vidual q as a variation operatofa;, 3;) of theith Q-bitisup- ~ State[0); _
dated as follows: ii) if the Q-bit is located in the second or the fourth quadrant,

{Oﬂ - [cos(Aei) _sin(A6) ] [ai] o |?))Ho should be used to increase the probability of the state
pi sin(Af;) cos(A6:) | L i If it is ambiguous to select a positive or a negative number
Fig. 2 depicts the polar plot of the rotation gate for Q-bit infor the values of the angle parameters, it is recommended to
dividuals. In this knapsack problem, the angle parameters usad the values to 0. In the knapsack problém,= 0.017,
for the rotation gate are shown in Table I. Let us define an angle = —0.01w, and O for the rest were used. The magnitude
vector® = [0; 60, --- 0s]T, whered, 6, ..., s can be se- of Af; has an effect on the speed of convergence, but if it is
lected easily by intuitive reasoning. For examplegjfandb; too big, the solutions may diverge or converge prematurely to
are 0 and 1, respectively, and if the conditiffx) > f(b) is a local optimum. The values from001x to 0.05x are recom-
false: mended for the magnitude &fé;, although they depend on the
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Fig. 3. Best profits of QEAs on the knapsack problems with (a) 100, (b) 250, and (c) 500 items to find good parameter séttingd &f of Table I. The
vertical axis is the best profit averaged over 30 runs, and the horizontal axis is the parameter settings of orderegk paics-ef 5. 6,1, 62, 63, 64, andés are
0.00257, 0.0057, 0.017, 0.027, and0.057, respectively.

problems. The sign aAd; determines the direction of conver-types of penalties are considered, such as logarithmic penalty
gence. The verification of the angle selection will be presentedd linear penalty

in Section IV-A. m
Peny(x) = log, (1 +p <Z wT; — C’))

B. GA Methods for the Knapsack Problem =

Three types of GA methods are described and tested for the Pena(x) =p (; Witi C)
knapsack problem: GAs based on penalty functions, GAs based . -
on repair methods, and GAs based on decoders [20]. wherep is maxi=1...m {pi/wi}. _ _

In these GAs based on penalty functions, a binary string ofln GAs _based on repair methods, the préfik) of each string
the lengthm represents a chromosometo the problem. The Is determined as
profit f(x) of each string is determined as

f(x) = Z pit;
=1

f(x)= Z pix; — Pen(x) wherex’ is a repaired vector of the original vecter Original
i=1 chromosomes are replaced with a 5% probability in the experi-
ment. The two repair algorithms considered here differ only in
wherePen(x) is a penalty function. There are several possibkelection procedure, which chooses an item for removal from
strategies for assigning the penalty function [21], [22]. Twthe knapsack:
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over 30 runs, and the horizontal axis is the parameter settings of ordered pairs of the probabilities of mutation (PMut.) and crossover (PCrarg Q64
0.01, 0.05, and 0.1, and c1—-c6 are 0.001, 0.01, 0.05, 0.1, 0.3, and 0.5. (a) Population size 10 (100 items). (b) Population size 50 (100 iterasipriciBopQl

(250 items). (d) Population size 50 (250 items). (e) Population size 10 (500 items). (f) Population size 50 (500 items).

Rep; (random repair): The selection procedure selectsgars; theith component of the vector is an integer in the range
random element from the knapsack. from 1tom — i+ 1. The ordinal representation references a list

Repo (greedy repair): All items in the knapsack are sorted ih of items; a vector is decoded by selecting appropriate item
the decreasing order of their profit to weight ratios. The selefrom the current list.
tion procedure always chooses the last item for deletion. Dec (random decoding): The build procedure creates d.list

A possible decoder for the knapsack problem is based on@fritems such that the order of items on the list corresponds to
integer representation. Each chromosome is a vectoriote- the order of items in the input file which is random.
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C. Experimental Results TABLE I
EXPERIMENTAL RESULTS OF THEKNAPSACK PROBLEM: THE NUMBER OF

In all experiments, strongly correlated sets of data were con- |tems 100, 250, AND 500, THE MAXIMUM NUMBER OF GENERATIONS
sidered 1000, THE NUMBER OF RUNS 30. THE PARENTHESIZED VALUES ARE THE
POPULATION SIZES. P2 R2 MEANS THE ALGORITHM IMPLEMENTED BY
Pen2 + Rep2, AND b., m., AND w. MEAN BEST, MEAN, rmean, AND WORST,
w; = uniformly random [1, 10] RESPECTIVELY. t (SECONDS/RUN) ANDo REPRESENT THEELAPSED TIME
PER RUN AND THE STANDARD DEVIATION, RESPECTIVELY
pi =w; +95

CGAs QEAs
P2R2 | P2R2 || QEAL | QEA2 | QEA3
(10) (50) )] (10 (10)
597.6 | 6022 | 597.7 | 612.7 | 612.7
587.8 | 593.6 | 591.8 | 606.3 | 609.5
577.6 | 582.6 | 582.5 | 597.7 | 607.6
5227 | 4.958 | 4.840 | 3308 | 2.404

and the following average knapsack capacity was used:

1 m
ngg’wi.

The data were unsorted. Three knapsack problems with 100, 100
250, and 500 items were considered.

The population sizes of QEA1, QEA2, and QEA3 were set to
1,10, and 10, respectively. The global migration period in gener- t || 0154 | 0.786 || 0.021 | 0.199 | 0.203

£E B =

)

ation of QEA2 was 1 and that of QEA3 was 100. In QEA2, only b. || 1455.0 | 14725 || 1480.2 | 1515.2 | 1525.2
global migration was used, and in QEA3, both global and local m | 14367 | 14524 || 14645 | 1508.1 | 1518.7
migrations were used. The local migration was implemented be-

250 | w. || 1415.2 | 1430.1 || 1445.1 | 1495.2 | 1515.2

tween each pair of neighboring solutionsi¥{t¢) every gener-
ation. Fig. 3 shows the results of QEA1, QEA2, and QEA3 on 11.377 | 10.324 | 9.554 | 5.427 | 2.910
the knapsack problems with 100, 250, and 500 items for finding t || 0.357 | 1.804 || 0.055 | 0.531 | 0.558
good parameter settings &f and#; of the lookup table. The

Q

b. || 2828.1 | 2856.1 || 2899.7 | 3004.6 | 3025.8

values 00.00257, 0.0057, 0.017, 0.027, and0.057 were tested 23072 | 28310 | 2876.4 | 29808 | 3008.0
for 63 and—65. All the best profits were averaged over 30 runs, m ’ ' ’ ’ '

500 | w. || 2781.0 | 2810.1 || 2836.2 | 2966.3 | 2996.1

and the maximum number of generations was 1000. It should
be noted that the results of the cases with the same valéig of
and—#5 were better than others. From the results, the values of
0.017 and—0.017 were selected fof; andf;, respectively.

The population sizes of conventional GAs (CGAs) were 10
and 50. To discover good parameter settings of CGAs, the valudsich is a relatively simple one compared to the other cases
of 0.001, 0.01, 0.05, and 0.1 for mutation and values of 0.00250 and 500 items). The results show that QEAs perform well
0.01, 0.05, 0.1, 0.3, and 0.5 for two-point crossover were trieden with a small population. In the cases of 250 and 500 items,
on six CGAs:Penl, Pen2, Repl, Rep2, Pen2 + Repl, and QF A1 found the better solutions within a short span of time
Pen2 + Rep2 (Dec was not included in these experiments focompared to CGAs.
finding parameters, since it took a long time to evolve and hadFig. 5 shows the progress of the mean of best profits and
worse performance as compared to other CGRs8):2+ Repl the mean of average profits of the population found by QEAL,
andPen2+ Rep2 were designed by using a linear penalty fund@QEA2, QEA3, and CGA P2 + R2) over 30 runs for 100, 250,
tion and random repair algorithm, and a linear penalty functi@nd 500 items. QEAs perform significantly better than CGAs
and greedy repair algorithm, respectively. That is, 288 expeiir terms of convergence rate and profit amount. QEAL1 shows
ments per problem were tried (24 parameter settin@CGAs a slower convergence rate than QEA2 and QEA3 due to its
x 2 population sizes). Fig. 4 shows the results of six CGAs @ingle population size. QEAs show a faster convergence rate
the knapsack problems with 100, 250, and 500 items to fitklan CGA. QEA's final profits are much larger than CGA's
good parameter settings. All the best profits were averaged oiredl 000 generations. The tendency of convergence rate can be
30 runs, and the maximum number of generations was 1088own clearly in the results of the mean of average profits of
From Fig. 4, we could select (0.01, 0.001), (0.01, 0.01), apapulation. In the beginning, convergence rates of all the algo-
(0.01, 0.05) as ordered pairs of mutation and crossover prob#hms increased. However, CGA maintained a nearly constant
bilities that gave the maximum profit. The value of 0.01 for botprofit due to its premature convergence. QEAs displayed no pre-
mutation and crossover probabilities was selected for CGAs.mature convergence in average profits until 1000 generations,

As a performance measure of the algorithms, we collectedhich is a common feature of CGAs. In particular, in the results
the best solution found within 1000 generations over 30 rurtd, QEA2 and QEAS3, it should be mentioned that QEA3 initially
and we checked the elapsed time per run, which is summarizws a slower convergence rate than QEA2. However, QEA3
in Table Il, where onlyPen2 + Rep2 (P2R2) among CGAs outperforms QEAZ in profits after about 500 generations, since
was shown because it outperformed all other CGAs. As TableQEA3 with a global migration process every 100 generations
shows, QEASs yielded much better results compareB2®2, and a local migration process every generation can increase the
except the results oP2R2 (50) andQE A1 with 100 items population diversity.

14.142 | 11.264 || 12.832 | 9.411 | 8.039
0.706 | 3.559 | 0.117 | 1.212 | 1.258

Q

—
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Fig. 5. Comparison of QEAs and CGA on the knapsack problem. The C@&i 4+ Rep2, and its population size is 10. The vertical axis is the profit value
of knapsack, and the horizontal axis is the number of generations. The best profits and the average profits were averaged over 30 runs. (a1Béstenrw)ts
(b) Average profits (100 items). (c) Best profits (250 items). (d) Average profits (250 items). (e) Best profits (500 items). (f) Average prafamg00
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Fig. 6. Best profits of QEAL on the knapsack problem with 100 items to find proper signs of the angle parameters of Table I. The vertical axis isafite best pr
averaged over 30 runs, and the horizontal axis is the parameter settings of the anglexvatugd.be set to 0).0057x, and—0.005=x. p andn were set to
0.0057 and—0.0057, respectively. (&P = [* * * * x x *x|7. (0)O = [0 * % % * * *x|T. (C)O = [00 % x * * * x]7.(d)O = [00p * x * *x]|T.

€)O =[00p0 % x x x]".(HO =[00p0n * *x*]".
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%120' B. Investigation of the Characteristics of QEA
- 100 A simple knapsack problem with only ten items was consid-
ered to investigate the characteristics of QEA. Strongly corre-
sol lated sets of data and the average knapsack capacity were used
as in Section 1lI-C. While selecting a subset from ten items,
there exist 2° cases. By a simple calculation we could obtain
60T the profit values of 1024 cases in the knapsack problem shown
in Fig. 7. In this problem, the best profit satisfying the capacity
401 constraintwas 62.192 938 atthe 127th. The solutions with larger

profits than the 127th one violated the capacity constraint. Now,
to investigate the characteristics of QEA, a single Q-bit indi-
vidual (QEAL) was used. A rotation gate and the parameter set-
, , ( . , , K , , , tings were the same as those of the experiments in Section I1I-C.
100t 200t 300t 400t 500t 600N 700 sgotn 900" 1000"  Fig, 8 shows the probabilities of 1024 solutions using the Q-bit
ase number i iviqual at generations, 10, 20, 30, 40, 50, 100, 200, and 300.

Fig. 7. Profit values of 1024 cases in the knapsack problem with ten iter%én_ce all J_[he pOSSIble SOluuon_s_ of the Q'b!t mdl_VIdual are ni-
obtained by a simple calculation. The vertical axis is the profit values of tiealized with the same probability as described in (7), we have
knapsack, and the horizontal axis is the number of 1024 cases selected gs obability of 0.001 1/ /910 2 — 1/210) for each solution
subset from ten items. The best profit satisfying the capacity constraintis marked. = . T . .
with O. which is shown in Fig. 8(a)—(c) as a horizontal line. It means
that QEA initially starts with a random search.

With regard to the result at generation 10, it is worthwhile to
mention that the probabilities of 1024 solutions had a pattern
similar to the profit distribution of Fig. 7. It means that the only

In this section, we verify the selection of the angle parameteé?8€ Q-bit individual was able to represent 1024 cases similarly.

for the rotation gate, and investigate the characteristics of thtgeneration 20, solutions with larger probability appeared. At
proposed QEA. generation 30-50, the probabilities of the solutions with larger

profit increased on a large scale. At generation 100, however,
o ) all the peak values decreased except the peaks of the better so-
A. Verification of the Angle Selection lutions. The same feature was obtained at generation 200. At

In Section IIl, it was suggested to set a positive number fgleneration 300, the probability of the best solution was over 0.9,

6, a negative number fdk;, and O for the rest of the angle pa_and those of the other solutions were around 0. It means that the

rameters in© of Table | for the knapsack problem. To veriny'bit individual had almost convergeq to th_e best solution. _
this intuitive reasoning, an experiment of QEA1 on the knap- The results abov_e can be summarized in the foIIpwmg. Ini-
sack problem with 100 items was tried. The maximum numbBflly; QEA starts with a random search. At generation 10, the
of generations was 1000. The values 0§ 0057, and—0.0057 distribution of the probabilities of all the solutions becomes

were used for each of the eight angle parameters. That is’sgnilar to the profit distribution in Fig. 7. As the probabili-

cases o were tried. Fig. 6(a)—(f) shows the experimental rdies of the solutions with larger profit increase, QEA starts a
sults carried out step by step to find proper sighs+, —) of local search. Finally, the probability of the best Q-bit individual

the angle parameters: (a) 8ases 0B, (b) ¥ cases ob when converges to 1. It means that QEA starts with a global sgargh
6, was selected as 0, (c§ 8ases o® when both o, andf, and changes a}gtqmatlcally |.nt0 a Iogal search because of its in-
were selected as 0, (d ases 0® when both of); andé, were herent probab|I|st_|c mechanlsm_, vv_h|ch leads to a gO(_)pI l:_ualance
0, and¥; was selected as a positive numiiedn5r, (e) 3 cases betweeq exploratlon and exp[onqmon. As Flje probab|I|st.|c rep-
of © when both of/, andf, were 0,05 was0.005r, andf, was resenta‘uoq is used, the term|nat|on condition can be given by
selected as 0, and (ff @ases 0P when both oB; andd, were the probability of the'best solution such]as)b(b) > where

0, 65 Was0.0057, 6, was 0, andd; was selected as a negativd) < 7 < 1. Prob(b) is calculated by the multiplication of the
number,—0.0057. For the results ofl,, 6,, 6, andds, that is, probabllltles_of all the Q-bits in the Q-bit |nq_|V|duaI. For ex-
the cases in whicfi(x) > f(b) is true, itis worthwhile to men- @MPle, consideb = 1010. ;I'henQ, th62 protgablllty ob can be

tion that the values oy, 64, 6, andés had little effect on the Pt@ined byProb(b) = |G1[*|az|*|f3|"|aal”. Thus, the termi-
results as shown in Fig. 6(b), (d), and (f), respectively. It meaH@t,'on conditionwhile (¢ < MAX_GEN) can be replaced by
thatf,, A, A, andfs can be set to any one amongooposx, While (Prob(b) < ).

and—0.005x. In the results of the cases in whiglix) > f(b)

is false, the values of ®.0057, —0.0057, and O forf, 83, 05,

and#,, respectively, made better solutions. From these experi- V. CONCLUSIONS

mental resultsy could be assigned & * p * n * 0|1, where

x is one of (O,p, andn), p is a positive number, andis a neg- This paper proposed a novel QEA, inspired by the concept
ative number. This is much the same as the intuitive reasoniogquantum computing. A Q-bit individual was defined as a
mentioned in Section Il string of Q-bits for the probabilistic representation. To introduce

IV. CHARACTERISTICS OFQEA
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Fig. 8. Probabilities of all solutions using a Q-bit individual. The vertical axis is the probability of the solution, and the horizontal axis islibeaful024
cases selected as a subset from ten items. (a) Generation 10. (b) Generation 20.(c) Generation 30. (d) Generation 40. (e) Generation 50n fpGeneratio

the variation to the Q-bit individual, a Q-gate is designed asodithe probabilities of the Q-bit individuals, and the termination
variation operator. The proposed QEA is characterized by thendition which can be given by the probability of the best so-
Q-bitrepresentation for the population diversity, the observatidution.

process for producing a binary string from the Q-bit individual, The knapsack problem was considered as an application ex-
the update process for driving the individuals toward better sample to investigate the performance of QEA. In the experi-
lutions by the Q-gate, the migration process for more variationental results, QEA performed quite well, even with only one



59

N

0.9r

0.8F

0.7 1

Probability
Probability

0.5F

031

0.1r

L L L L. L PR B
100t 200t 300t 400t 500t 600t 700t

800" 900" 1000t
Case number

@
Fig. 8.

IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. 6, NO. 6, DECEMBER 2002

-
1

0.9+

0.7r

0.6

0.5r

0.2F

0.1

L L i L | L LA 1 L L 1
100t 200t 300t 400t 500t 00t 700t 800 900t 1000t
Case number

(h)

(Continued.Probabilities of all solutions using a Q-bit individual. The vertical axis is the probability of the solution, and the horizontal axis is the number

of 1024 cases selected as a subset from ten items. (g) Generation 200. (h) Generation 300.

Q-bit individual. The characteristics of QEA could be verified [13] L. Spector, H. Barnum, H. J. Bernstein, and N. Swamy, “Finding

by the simple knapsack problem with only ten items. The results
demonstrated the effectiveness and the applicability of QEA to
the combinatorial optimization problem.
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